
Chapter 2

Discrete Semelparity

2.1 Deterministic Univoltine Model

The simplest populations to model are those that have discrete non-overlapping generations. The so called
univoltine insects are an example of this. The adults emerge from the pupal stage, have a brief mating
season, after which the female lays her eggs. Often both sexes die before the eggs begin to hatch. The
hatched eggs then go through various stages of larval development that final enter the pupal stage. The
cycle then repeats itself on an annual basis. This univoltine (one generation per year) cycle is most prevalent
in temperate areas where different species of insects have different overwintering strategies: some in the
egg stage, some in pupal stage, and some even in the adult stage. Of course, this life history might apply
to any organism that does not have parental care and adults are semelparous: i.e. reproduce only once and
the die. Pacific salmon are another example, except their life cycle usually takes four years rather than
one.

Our approach to modeling such semelparous species is defined the following variables and parameters:

• The variable x(t) represent the number or density x of individuals in the population at time t. In
what follows, it is more convenient to talk in terms of numbers than density, although the two units
are interchangeable whenever when know that area in which the population is contained. From the
point of view of interpretation, numbers requires that variable assume only integer values, while
density can be interpreted for continuous values of x. For this reason, the density interpretation is
actually preferred.

• The parameter s represents the proportion of individuals that survive from birth (egg hatching) to
reproductive maturity.

• The parameter b represents the number of births (hatched eggs) that occur per reproductively mature
individual.

The model itself then follows from the statement that the number of reproductive adults at time t + 1
is equal to the number of births at time t (i.e. number of births per adult multiplied by the number of
adults which is b× x(t)) multiplied by the proportion of new borns that develop into reproductive adults:
x(t+ 1) = s× b× x(t). Omitting the multiplication signs we simply write this as:

x(t+ 1) = sbx(t)

From a mathematical point of view, this model has only one free parameter λ = bs, although from a
biological perspective, estimation of the value of λ requires that we measure the effects of two concatenated
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10 CHAPTER 2. DISCRETE SEMELPARITY

processes: fecundity (or natality) process followed by a survival (or mortality) process. The behavior of
the resulting model

x(t+ 1) = λx(t) (2.1)

is defined in terms of the nature of the trajectory that arise from solving from solving this equation. This
behavior, in turn, depends on the per unit time (in this case per generation) net growth rate λ

Definition. The trajectory or solution to equation (2.1) initiating from a specified starting value x(0) = x0

is the set of points {x(0),x(1),x(2),...}.

The set of points in a trajectory continues for all integer values of t > 0 and, hence, is countable but
infinite. We can generate the solution for as many points in time as we like through repeated application
(i.e. multiplication) of equation by coding up the equation (2.1), either using a spreadsheet computer
software package or simulation software specifically designed to execute and plot the results of such com-
putations. The behavior of the sequence of points generated by equation (2.1), however, is very easy to
deduce analytically: it is described by a partition of the values of λ into two ranges, as described below.
Note that the growth rate λ is nonnegative because b must be nonnegative to biologically meaningful and
s, as a proportion, must lie between 0 and 1.

Result. The solution to equation (2.1) is

x(t) = λx(t− 1) = λ× λx(t− 2) = · · · = λtx(0)

.

From the solution it follows that:

• If 0 ≤ λ < 1 then x(t) → 0 as t→∞.

• If λ = 1 then x(t) = x(0) for all t > 0.

• If λ > 1 then x(t) →∞ as t→∞.

Example. Univoltine population growth
Plot the solution to the equation x(t+1) = λx(t), x(0) = 1000 over the time interval [0,20] for the following
value of the growth rate parameter: λ =0.8, 0.9, 1, 1.1 and 1.2.
Solution

PLACE FIGURE OF THIS PLOT HERE
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In short, a population will geometrically grow without bound or decline to zero if its growth rate each
generation respectively is greater than or less than 1. This is a troubling result because it implies that a
population cannot persist around some characteristic level for any extended period of time unless the value
of λ is “just right”. In fact many populations having relatively stable long term average densities that
ecologists like to refer to as the environmental “carrying capacity” for the population, which for purposes
of discussion we denote by x̂. The maintenance of such long term averages comes about because λ is not
constant, but is more likely to exceed 1 when x(t) > x̂ and be less than 1 when when x(t) < x̂. In this
case we say the λ depends on x and denote this fact by making x an argument of λ–but more of this in
Section X.X.

2.2 Deterministic Multivoltine Model

Some insect populations experience more than one generation per year. In this case we expect seasonal
variation in climatic and ecological conditions for the different generations within each year to be subject
to a season-specific birth and survival rates. Specifically, suppose we have two generations each year and
the generational growth rate of the first and second generations each year is λ1 and λ2 respectively. If the
population is at density x(t − 1), at the beginning of the tth then the density of the first generation that
year is λ1x(t) and of the second generation λ2 × λ1x(t). Hence at the beginning of the following year, the
density is

x(t+ 1) = λ2λ1x(t). (2.2)

Repeated iteration of this equation implies that:

Result. The solution to equation (2.5) is

x(t) = (λ2λ1)tx(0).

The requirement that this population neither grow in an unbounded fashion nor decline to zero as
t→∞ implies that λ2λ1 = 1: that is the relationship between λ2 and λ1 is the hyperbola

λ2 =
1
λ1
. (2.3)

PLACE FIGURE OF THIS Hyperbola and plot average lambda as well HERE

If this relationship holds then λ1 > 1 implies λ2 < 1 and vice-versa. Suppose without loss of generality
λ2 < 1. Then the average of the growth rates is

λ1 + λ2

2
=

(1/λ2) + λ2

2
=

1 + λ2
2

2λ2
≥ 1. (2.4)

The last inequality holds strictly only when λ2 = 1 and follows from the fact that

0 ≤ (1− λ2)2 = 1− 2λ2 + λ2
2 → 1 + λ2

2 ≥ 2λ2.

The meaning of this is the following:
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Result. When variation exists in the growth rate of consecutive generations, then average rate of growth
across those generations must be greater than 1 to ensure that the population does not decline to zero.

Example. Average bivoltine growth rates
Plot the average growth rate of a bivoltine population for which λ1 = 1+α and λ2 = 1−α for all α ∈ [0, 1]
Solution
The average growth rate of the population is

λ̄ =
√

(1 + α)(1− α) =
√

1− α2

PLACE FIGURE OF THIS PLOT HERE AND DISCUSS

This discussion for bivoltine populations generalizes to multivoltine populations with in general n
generations in a seasonal cycle. Further, the model need not be confined only to intra-annual seasonal
cycles but also annually breeding populations that are driven by an inter-annual cycle cycle such as the
approximately 11-year cycle associated with sunspots and their influence on the climate of the earth.

In general, if t counts out the cycles as they occur and n the generations within a cycle, then a model of
how the population changes from cycle to cycle is given by the following generalization of equation (2.5):

x(t+ 1) =

(
n∏

i=1

λi

)
x(t). (2.5)

where
∏n

i=1 λi denotes the product of the n values λi, i = 1, ..., n. The requirement that solutions to this
equation neither grow without bound nor approach zero as t→∞ implies that the condition

∏n
i=1 λi = 1

must hold. As in the bivoltine case this implies that the arithmetic average of the n values λi, i = 1, ..., n
must exceed 1: that is

1
n

n∑
i=1

λi > 1, (2.6)

and it is the smaller geometric average of this values that must be 1: that is(
n∏

i=1

λi

) 1
n

= 1, (2.7)

Example. Growth over a long run of good and bad years.
Suppose that during climatically favorable and unfavorable years the growth of a population was λf = 1.25
and λu = 0.75. If favorable and unfavorable years occur equally often, then what is the average growth
rate? How much more frequent must favorable years be than unfavorable for the average growth rate to
be λ̄ = 1

Solution
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Over a long sequence of T years, if favorable and unfavorable years occur equally often, then λf = 1.25
and λu = 0.75 each apply for T/2 of the years. Hence

λ̄ =
(
(1.25)T/2(0.75)T/2

)1/T
=
√

1.25
√

0.75 =
√

0.9375 ≈ 0.968

To find the proportion p of favorable years that will result in λ̄ = 1 we need to solve the equation(
(1.25)αT (0.75)(1−α)T

)1/T
= (1.25)α(0.75)1−α = 1

for α. Taking the logarithm (to the base 10) of both sides we obtain

α log(1.25) + (1− α) log 0, 75 = log 1 ⇒ 0.0969α− 0.1249(1− α) = 0 ⇒ α = 0.563.

Thus favorable to unfavorable years must occur 56.3%to 43.7% of the time respectively for the average
growth rate to be 1.

2.3 Semelparity in a Stochastic Environment

In reality, the values of the birth and death rates are never exactly repeated from one generation to the
next or one cycle of generations to the next, but variation creeps in due the inherent stochastic nature of
the world we live in. This kind of stochasticity is often referred to as environmental stochasiticty. The
other important type of stochasticity, referred to as demographic stochasticity we be discussed in the
next section. The amount of variation due to the environment depends on both on the specific population
and the environment in which it finds itself, but for most populations this variation is always considerably
greater than zero. If, for a given univoltine population, we can measure its growth rate λt in year t, then
after obtaining T -years worth of measurements λi, i = 1, ..., T, the standard measure of the variation in
the growth rate is given by the formula:

σλ =
1

T − 1

T∑
i=1

(
λi − λ̄

)2 (2.8)

where

λ̄ =
1
T

t∑
i=1

λi (2.9)

The equation that describes the behavior of the system is now

x(t+ 1) = λtx(t) for x(0) = x0 and t = 1, 2, 3, ... (2.10)

which, on iterating provides the solution

x(T ) =

(
T∏

i=1

λi

)T

x0. (2.11)

Examination of this expression yields the following result:
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Result. In order for the solution x(T ) to be bounded by the lower and upper values xU and xL respectively
(where 0 < xL < x0 < xU ) it is necessary that the geometric mean of the growth rates λi tends to 1 with

increasing values of T : that is, we require:
(∏T

t=1 λt

) 1
T → 1 as T →∞.

Since taking logarithms turns products into sums, it follows that

ln

(
T∏

t=1

λt

) 1
T

=
1
T

T∑
t=1

lnλt. (2.12)

Thus the logarithm of the geometric mean of a set of values is the arithmetic mean of the logarithm of
these same values. This relationship motivates the following result, which we obtain from the theory of
functions of random variables (BOX XX) noting from calculus that

g(λ) = lnλ⇒ dg

dλ
=

1
λ

and
d2g

dλ2
= − 1

λ2
.

Result. If λ is a random variable with mean µλ and variance σ2
λ, then it follows that the mean and

variance of the random variable r = lnλ are approximately

µr ≈ lnµλ −
σ2

λ

2µ2
λ

σr ≈
σ2

λ

µ2
λ

If we now define the long run average growth rate of the population to be λ̄ then it follows from equation
(2.12), after substituting the expression obtained in equation (2.13), that in the long term

x(T ) ≈ λ̂Tx(0) where λ̂ ≈ e(ln µλ−σ2
λ/2µ2

λ). (2.13)

If the geometric mean of a set of growth rates λt, t = 1, ..., T does not approach 1 as n → ∞, then the
population it describes will grow without bound if the limit exceeds 1 and surely go extinct if the limit is
less than 1. The only process that can provide a fine enough level of control to ensure that the geometric
mean of the these growth rates λt converges to 1 over the long run is density dependence. However, before
we investigate the long term behavior of populations with density-dependent growth rates that ensure(∏T

t=1 λt

) 1
T → 1 as T → ∞, we can obtain some insights into what happens in the density independent

case to the trajectories of equation (2.13) when the consecutive growth rates λt, t = 1, 2, 3, ..., are regarded
as realizations of a stochastic variable λ characterized by some cumulative distribution Fλ.
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Example. The Growth Rates is a Uniform Random Variable.
If the growth rate λ of a univoltine semelparous population is a random variable, then estimate the long
run average behavior of the trajectory when λ is uniformly distributed (i) on [0.5,1.5], and (ii) on [1/2,2].

Solution. The long ran average behavior is determined by the geometric mean of the random variable
λ, as depicted in equation (2.13). For the distribution on [0.5,1.5] it follows from BOX XX that µλ = 1
andσ2

λ = 1/12. Hence for (i) the answer is that the long run average growth rate is

λ̂ ≈ e(0−(1/12)/2) = e−1/24 ≈ 0.959.

Thus the population will decline on average by just over 4% per generation.
Similarly, for (ii) the answer is

λ̂ ≈ eln(5/4)−3/25 ≈ e0.223−0.120 ≈ 1.109.

Thus the population, on average will grow by just under 11% per generation.

Example. Mean-Variance Tradeoff in the Growth Rate.
Suppose the growth rate λ of a univoltine semelparous population is a random variable with mean and
variance µλ and σ2

λ, then how large must the variance be to produce an average population growth rate of
approximately 1 when the mean is (i) 1.1 and (ii) 1.3.

Solution. From equation (2.13), it follow that we need to solve the equation

lnµλ = σ2
λ/(2µ

2
λ) ⇒ σ2

λ = 2µ2
λ lnµλ

for σ2
λ once we are given the specific value for µλ. In case (i) we obtain σ2

λ = 2 × 1.21 × 0.0953 = 0.2307.
Similarly, in case (ii) we obtain σ2

λ = 2× 1.69× 0.2624 = 0.8868.

2.4 Stochatistic Simulation for Large Populations

In the same way that one can use a spreadsheet program or other computer software to generate solutions
to equation (2.1) through iterated multiplication one can generate solutions to equation (2.10). In this
latter case, however, λt does not have a specified value at each time t, but is a random variable with values
at each time t generated through a mechanism that after repeated trials produces a distribution of values
that asymptotically approach a desired cumulative probability function Fλ, or its associated probability
density function fλ. Unlike roulette wheels, or other truly stochastic devices, computers simulate random
variables through transformation of values obtained from pseudorandom number generators (BOX XX).
This produces an integer on an interval [0, N − 1], where N is an extremely large number (such as the
Mersenne prime number 231 − 1) which is then transformed to obtain a value on the interval [a, b] to a
number of decimal places that depends on the resolution determined by the value (b−a)/N . The numbers
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generated in this way are uniformly distributed on [a, b] (BOX XX) with values subsequently combined or
transformed to obtain other types of distributions.

Random number generators have “seed values” that when fixed produce a repeatable sequence of
pseudorandom numbers while different sequences are obtained for different “seed values.” If the seed
value is not specified, computers typically read a number in their memory that changes with the clock
function of the computer so that different sequences are generated from one simulation to the next. In
this way computers can be used to generate n different sequences, each containing T values, which after
transforming, represent a sequence of values λt, t = 1, 2, ..., T ) that are realization of a random variable λt

defined on some interval [a, b]. Plotting one realization over the interval [0, T ] tells us very little about the
behavior of the model just as measuring the height of one individual in a group tells us very little about
the average height nothing about the variance in height among individuals in that group. Plotting several
realizations, however, provides a better sense regarding the range of possible solutions to equation (2.10).

Example. Trajectories for Uniformly Distributed Growth
Consider a univoltine semelparous population whose growth rate λ is a uniformly distributed random vari-
able on (i) [0.5,1.5], and (ii) [1/2,2]. If the population currently is at a density of 100 individuals per unit
area, plot ten realizations of the trajectory for each case on the interval [0, 100].
Solution XX

PLACE FIGURE OF THIS PLOT HERE AND DISCUSS

Example. Trajectories for Good and Bad years
Consider a univoltine semelparous population whose growth rate in good years is λg = 1.6 and in bad years
λb = 0.625. If good years and bad years are equally probable, but their occurrence is uncorrelated in time,
then plot ten realizations of the trajectory for each case on the interval [0, 100].

Solution XX
Since λg = 1.6 and is the reciprocal of λb = 0.625 and in the long run the occur equally offer, it follows

that
(∏T

t=1 λt

) 1
T → 1 as T →∞. In the short run, however, we get runs of consecutive good years or bad

years and this is reflected in the short run behavior of trajectories falling and rising for periods to of time

PLACE FIGURE OF THIS PLOT HERE AND DISCUSS

If we calculate many possible realizations of the trajectories that are solutions to equation (2.10) we
can then consider answer questions regarding the distribution of possible solutions such as what is the
probability that any solution will below m orders of magnitude below its intial value x0 on the time
interval [0, T ]. Besides depending on the distribution of λ, the answer will also depend on m and T .
This question is not too interesting for linear models–that is, the density independent version of equation
(2.10)–when ever the geometric mean of the growth rate variable λ is different from 1. (See Result XX). It
only becomes interesting when density-dependence is included and the geometric mean growth rate exceeds
one at low population densities and is less then one at high population densities. Under these conditions,
a mean population density arises that represents the long term average value of populations that have
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avoided dropping to such low levels, that because or the discrete nature of populations, should be regarded
as represent a population that has gone extinct. Before we get into the details of this behavior, we now
consider the incorporation of density dependence into equation (2.10).

Consider the relationship obtained by taking the natural logarithm of both sides of equation (2.10):
that is

lnx(t+ 1) = lnx(t) + lnλ.

If we now look at a real data set and regress the value of lnx(t + 1) against the value of lnx(t) for
t = 0, 1, ..., T − 1, then we should get a line of slope 1 with intercept on the vertical lnx(t+ 1) axis equal
to the best estimate of λ. (FIG. EG SEE CASE page 139). Dependence of λ on x would be reflected in
the fact that the slope of the regression line is less than 1. For example, if the slope of such a regression
was α < 1 and its intercept with the vertical axis was β, then the above regression yields

lnx(t+ 1) = α lnx(t) + β = (1− 1− α) lnx(t) + β,

which, on taking exponentials yields

x(t+ 1) = λtx(t) with λt =
eβ

x(t)1−α (2.14)

Since α < 1, λ(x) is inversely dependent on the value of x. Note that this approach assumes that the data
plotted in ln-ln space can be reasonably well fitted by a linear regression (i.e. the residuals associated with
the regression are normally distributed and then represent the true population-independent stochasticity
in the system after dependence of λ on x, through the power relationship x(t)1−α, has been removed. In
general, dependence of λ on x is more likely defined by a relationship x(t)1−α that looks quite different
from a power function. This issue will be discussed in more detail in Section XX.

Example. Trajectories for Stochastic Density-Dependent Growth
Consider a univoltine semelparous population whose growth rate is population is currently at a density of
100 individuals per unit area. If the growth rate is given by the expression

λ =
eβ

x1/2

where β is a uniformly distributed random variable on (i) [0.5,1.5], and (ii) [-0.5,4], plot several trajectories
on the interval t ∈ [0, 100], as well as the mean and standard deviation of the trajectories
Solution In plots A and B of solutions to equation (2.14) we see five different trajectories and the mean
and standard deviation obtained from 1000 runs for case (i) and similarly for case (ii) in plots C and D.
In both cases, we see an initial level, dependent on our initial conditions that rapidly approaches an average
condition that is then maintained over time. In case (i) this average condition is a mean around 0.0.86 with
standard deviation around 0.15. In case (ii) this average condition is a mean that fluctuates around 1.5 with
standard deviation around 0.65. Any individual trajectory, however, exhibits considerable fluctuations. In
case i), these fluctuations typically range over half an order of magnitude (which is about three-fold range)
while (ii) they range over close to three orders of magnitude (which is a thousand-fold range).

PLACE FIGURE OF THIS PLOT HERE AND DISCUSS
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In a well protected, healthy ecological system, large long-lived mammals such as buffalo, giraffe, and
elephants will exhibit oscillations that are typically less than 3-fold. Small short-lived mammals such
as mice and lemmings, may exhibit order of magnitude oscillations, while even smaller animals, such as
insects, have populations that naturally oscillate several fold (e.g. locust plagues in Africa). When a
population that is expected to not fluctuate more than two or three-fold declines over a period of time by
an order of magnitude or more, then conservation biologists become concerned that the population could
well be heading towards extinction. This has been the fate of a number of large birds and mammals this
past couple of centuries, with the iconic case being the dodo, and other well known cases including the
mountain zebra (quagga), and XXX?

Conservation biologists have introduced the notion of quasi-extinction to describe the density at which
a once healthy population has dropped to where it is believed its chances for recovery back to a healthy
level are much less likely than the population ultimately going extinct in the true sense of the word. The
reason for the notion of quasi-extinction is that models, such as equation (2.14) are really only suitable for
modeling large populations, where the values of individual life-history parameters (fecundity and survival
rates) fluctuate with environmental fluctuations from one time period to the next. When populations drop
to very low levels, defined by quasi-exctinction values, then other types of models, as discussed in the next
section, must be used to investigate the probabilities of true extinction.

Once a quasi-extinction level has been selected, however, than stochastic simulation methods can be
used to estimate the probability that a population at a current level of x0 will drop below the quasi-
extinction level xq over T generations. This probability will depend on the values of x0, xq and T , as
well as on the model used, which in the case of equation (2.14) depends on the distribution of the random
variable β.

Example. Quasi-Extinction Probabilities
Use stochastic simulation to estimate the probability that the population modeled by equation (2.14) with
β a uniformly distributed population on [-0.5,1.5] and currently at at density x0 = 100 drops below the
level of 1 individual per unit area.
Solution Show a few runs and use Stochastic DD table with 1000 runs to calculate the probability

2.5 Demographic Stochatisticity: Invasion and Extinction

In the previous section, we focused on populations whose life history parameter values are effected by
environmental noise. We also introduced the notion of quasi-extinction. This type of analysis is only valid
for relatively large populations: that is, populations containing several hundred or more individuals. In this
section we focus on models suitable for studying the behavior of populations that consist of several to a few
tens of individuals. It is only at very small population levels that the effects of demographic stochasticity
outweight the effects of environmental stochasticity: that is, even under favorable conditions chance events
in the births and deaths of individuals can determine whether a small population goes extinct, recovers,
or invades in the case of a few individuals arriving in a new place. At population levels of around several
tens to a few hundred individuals both environmental and demographic stochasticity are important and
models need to take both into account. Although binomial probabilities for values of x around 100 can be
very time consuming to calculate, the binomial distribution can be approximated by a normal distribution
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when x is large provided the binomial probability is greater than 0.05 (see BOX, XX). Another useful
approach to dealing with demographic stochasticity for populations of intermediate size is to take a cue
from sampling theory and assume that the standard deviation of estimates of birth and death rates per
individual scales inversely with the square root of population size.

To begin, we model demographic stochasticity in a one sex model, which is applicable to a small
clonally reproducing population. Although clonal reproduction does not occur in mammals and birds,
it does in “lower vertebrates” such as reptiles and fish. Let us reconsider our fundamental semelparous
population x(t + 1) = sbx(t), except now the parameters s and b are interpreted as random variables
(r.v.’s). Additionally, we use the notation:

Mp(n) ⇒ X is a n-trial multinomial r.v. with an m-outcome probability vector p′ = (p1, ..., pm) (2.15)

(note we use boldface to denote vectors and the prime ′ to indicate the transpose of a column vector to a
row vector) to make the equation more succinct. When m = 2 then our multinomial is a binomial with
probability of success p2 = 1− p1.

If ps and pb are binomial and multinomial probabilities associated with individual survivorship and
births (where pbi denotes that probability that an adult gives birth to i − 1 progeny, i = 1, ...., n, and∑n

i=1 pbi = 1), then
x(t+ 1) = Mpb (Mps (x(t))) . (2.16)

Simulation of this model involves beginning with a given integer value x0, which then implies that the
number of births is a sampling of the random variable Mp(x0). This yields an integer value xnb(0) ∈
[0, (n − 1) × x0]. (The upper of this range is realized only if each individual has its maximum number of
progeny, which is (n−1)). The number of individuals x(1) ∈ [0, xnb(0)] is then an integer-valued realization
of sampling the binomial random variable Mps

(
xnb(0)

)
. Once obtained the calculations are then repeated

with x(1) replacing x0 to obtain xnb(1), which is then used to obtain x(2) and so on.

Example. Dynamics of a Small Clonal Population
In a semelparous, clonally reproducing population, assume each individual gives birth to anywhere from 0 to
5 individuals with probabilities respectively specified by the elements of the vector p′b = (0.1, 0.2, 0.3, 0.2, 0.15, 0.5).
If each newborn has a 0.45 probability of surviving to reproductive maturity (i.e. ps = (0.55, 0.45), then
plot 10 trajectories for t ∈ [0, 100] and estimate the probability of a population going extinct within 100
generations.
Solution. The solution requires that we use equation (??) to simulate the population many times using
initial condition x0 = 100 to estimate the probabilities of population persistence over at each point on the
time interval [1, 50]. Before we do this, however, it is useful to note that when the population size is 100
then repeated calculations of the concatenated multinomial and binomial process (for convenience we write
the probability vectors as a row)

M (0.55,0.45)
(
M (0.1,0.2,0.3,0.2,0.15,0.5)(10)

)
yields a mean per-capita growth rate λ̄1 = 1.012 (i.e. value of λ1 in the equation x(1) = λ1x(0) simulated
many times for x(0) = 10) with standard deviation σλ1 = 0.096. This mean growth rate does note depend
on the value of x0, but the standard deviation does and thus so does the corresponding logarithmic mean
µr ≈ lnµλ−

σ2
λ

2µ2
λ
.When the population is at size 100 then µr ≈ 0.007 which ever so slightly favors population

growth. This value rises to µr ≈ 0.012 when the population is around 250. Thus the potential for growth
slightly improves as the population grows larger. On the other hand, µr ≈ −0.010 when the population
has dropped to 20 so the expected growth rate is now slightly negative!
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In 5 runs of the model plotted below, we see one trajectory where the population goes extinct after 27
generations, another at 70 and two more that are still around 100 after 100 generations.

PLACE FIGURE StochasticSemelparous.tif HERE

The model was then run 1000 times and the number of extinctions noted. This was repeated 10 times to
yield the following vector of extinctions associated with each of the ten runs:

(147, 153, 146, 120, 149, 165, 133, 128, 134, 147)′

which implies that the 95% confidence interval for this probability is [0.133, 0.152]

The other important application for small population models that focus on demographic stochasticity
is to address questions regarding the potential success of invading populations. Blah, blah, blah. For very
small populations that reproduce sexually (i.e.almost all of the most important problems), consideration
of both sexes is very important.
The basic deterministic semelparous model x(t+ 1) = sbx(t) is easily extended using the subscripts f and
m on parameters and variables that pertain to females and males respectively. Specifically, the extended
two sex model is simply

xf (t+ 1) = sfbfxf (t)
xm(t+ 1) = smbmxf (t) (2.17)

where we assume that the birth rate parameters bf and bm are not affected by the proportion πm =
fracxmxm + xf of males in the population provided 0 < πm � 0.5 (i.e. (which will be the case if one
male can service many females). The following is a version of this model that assumes that one males is
sufficient for all females to reproduce, that number of newborn progeny per female is multinomal r.v. that
is independent of the sex of the newborns, and that the sex of each newborn is determined by a binomial
r.v. random variable. If this is not correct than the model can easily be modified to accommodation other
facts or assumptions.

Recalling definition (2.15), the stochastic version of the our two sex model can formulated in terms of
an intermediate variable xnb(t) and a sex determining binomial r.v with probability of the individual being
a female denoted by pπ:

xnb(t) = Mpb (xf (t)) provided xm(t) > 0 otherwise xnb(t) = 0

xnb
m (t) = Mpπ

(
xnb(t)

)
xnb

f (t) = xnb(t)− xnb
m (t) (2.18)

xf (t+ 1) = Mpsf

(
xnb

f (t)
)

xm(t+ 1) = Mpsm

(
xnb

m (t)
)

Note in the third equation where we calculate the number of newborn females, we do not binomially sample
again because then we could not ensure that xnb

f (t) + xnb
m (t) = xnb(t) always held.

Example. Dynamics of a Invading Two-Sex Population
In a semelparous, sexually reproducing population, assume each individual gives birth to anywhere from 0 to
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6 individuals with probabilities respectively specified by the elements of the vector p′b = (0.05, 0.15, 0.2, 0.2, 0.2, 0.15, 0.05).
If each newborn has probability a 0.8 probability of surviving to reproductive maturity independent of gen-
der (i.e. psf = psf = (0.2, 0.8)), then estimate the population growth rate in a large population with that
has a roughly equal number of males and females. Plot 10 trajectories over t ∈ [0, 10] for a small population
that initially has 1 male and 2 females. Use a Monte Carlo approach to estimate the probability that this
small population will exist after 20 generations as well as its expected size given that it has not gone extinct
by T = 10. Compare this two estimates with a population that initially has 2 males and 1 female.
Solution. The solution requires that we use equation (2.18) to simulation population change in each
generation (time step). If the population contains a relatively large number of females (e.g. 1000), then
on it follows from the symmetry of p′b = (0.05, 0.15, 0.2, 0.2, 0.2, 0.15, 0.05) that the expected number of
newborns will be 3000 (an average of 3 per female) of which around 1500 will be female. If, on average, 0.8
of this survive maturity, then in the next generation we expect around 1200 females to be bearing young.
From symmetry, we expect the males to be increasing at the same rate so that at large population levels
we expect the population to grow by a rate λ = 1.2 or 20% per generation. For small populations, however,
the probability is significantly greater than zero that the population will go extinct before it escapes the
stochastic demographic zone where chance events can wipe out the 20% growth rate advantage. In the
plot of representative trajectories presented below, we see that 4 trajectories go extinct in the 3, 4, 5, and
6th generations respectively. One trajectory teeters on the edge of extinct and the remaining 5 exhibit
significant growth over 10 generations.

PLACE FIGURE Invade2SexSemel.tif HERE

A much larger number of runs is needed to estimate the probabilities associated with estimates of success
of invasion as measured the by not going extinct in the first 20 generations. In the figure we see that
extinctions happen rapidly within the first 5 generations, but then settle down to around 40% of 1 female/
2male invasions are successful while only 15% of 1 male/2 female invasions are successful. Those that
are successful take off and achieve a mean growth rate of 20% as evidenced by the exponential form of
the mean growth of extant populations. Of course, considerable variation is evident and will continue to
be evident until the effects of demographic stochasticity are damped out by population sizes of several
thousand individuals

PLACE FIGUREs Invade1Male2female.tif and Invade2Male1female.tif HERE

2.6 Combined Demographic and Environmental Stochasticity

Discuss two variances associated with λ: σ2
env and σ2

dem/
√
x

2.7 Density-dependence in a Deterministic Population

In the section on stochastic modeling of large populations (Section XX), the notion was introduced that
the growth rate λ of a population should decrease to below 1 at high population levels. This was achieved
by making λ(x) an inverse function of the density of some power of x. Specifically in that section the form
used was (c.f. equation (XX)

λ(x) = cxγ γ < 0.
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The problem with this function is that density-dependence is strongest (i.e. dλ
dx has its steepest decline –see

FIG XX) when x is at its lowest density (i.e. around the origin x = 0).

PLACE FIGURE density dependent lambda HERE

Density dependence arises because at high population levels the resources available to the population,
when shared out or divided among all individuals is less than what is required to support maximal growth
and reproductive rates. If the amount of resources available over the time period [t, t+1] is represented by
a variable y(t) (e.g. the biomass density of fruit produced in particular season by a population of trees that
is exploited by a population of fruiting eating animals), then it is useful to explicitly identify the density
of resource in the function λ to allow us to consider what happens when the value of λ not only changes
with time, but is itself impacted by different levels of exploitation associated with different densities of
the consuming population x. The simplest functional form is to assume that λ depends on the density of
consumers x having to compete for each unit y of resource to–that is λ = λ(x/y). This form of dependence,
is broadly referred to as intraspecific interference competition and arises whenever individuals compete for
a limited amount of resources so that not all individuals can get their optimal share. Further, we expect
individuals will get their optimal share whenever the density of individuals per unit resources is low, but
that dependence sets in as density of individuals per unit resources exceeds a level where all individuals
can easily attain their optimal share. A function that has this property is

λ(x/y) =
a

1 + (x/(cy))γ a > 1, c > 0, and γ > 1. (2.19)

The constant b is a scaling constant that depends on the units of x and y. The constant c must be greater
than 1 to ensure that population grows at least when resources are not limiting (i.e. x/(cy) is small) and
by requiring γ > 1 we ensure that density dependence sets in gradually for small x (SEE FIG XX). Note
that for a given value y, the growth rate is at half its maximum a when x = cy. Further, the parameter α
determines how abruptly density-dependence sets in around the half-maximum density cy. For this reason
γ is called the density-dependence abruptness parameter.

In general we expect the resources y to vary with time. To begin, though, we consider the situation
when y has some constant value and we set

K = ay

. Substituting this and expression (2.19) in our basic semelparous model we obtain the so-called Shepherd
model

x(t+ 1) =
ax(t)

1 + (x(t)/K)γ , (2.20)

which was first proposed by John Maynard-Smith in the early 1970s, but is so named because it was used
by John Shepherd in the 1980s to study fish population dynamics and fisheries management problems. For
a > 1, K > 0 and γ > 1 the Shepherd Model has the single nontrivial equilibrium

x∗ = (a− 1)1/γK

that has the following stability properties obtained from inequality (??) and the condition in Box XX:

x∗ is asympotically stable if γ
γ−1 > R > 1

x∗ is stable with oscillations if γ
γ−2 > R > γ

γ−1

x∗ is unstable with bounded oscillations if] a > γ
γ−2
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Table 2.1: Density-Dependent Growth Modification Functions Commonly Used in Ecology and Resource
Management

Abscissa scaling parameter is K > 0 and shape parameter is γ

Common Designation Form Conditions

Beverton-Holt 1
1+x/K

Shepherd1 1
1+(x/K)γ γ > 1

Hassell 1
(1+x/K)γ γ > 0

Ricker2 e−x/K

Power Function
(

x
K

)−γ
γ > 0

Depensation N
1+(x/K)2

Deriso-Schnute3
(
1− γ x

K

)1/γ −∞ < γ <∞

1 Also know as the Maynard-Smith form and is the same is the Beverton and Holt form when γ = 1. 2 The usual Ricker form

is not normalized and is written as er(1−N/K′) where upon er = R in equation (??) and K = K′/r. 3 This models includes

the Beverton-Holt (γ = −1) and Ricker (γ = 0) as special cases.

No unbounded or non-oscillating solutions exist for a > 1 and γ > 1. If a < 1, then the population
always declines to 0, and if γ ≤ 1, the model does not satisfy the biologically motivated condition that
the marginal effects of density-dependence due to resource shadowing should be minimal at the lowest
population densities.

In general, the stability properties of equilibrium solutions to equation (??) depend on the particular
form of the function f(x) and on the particular values of its parameters. In the ecology literature, several
different forms have been used for f(x) (see Table 1).

2.8 Density-dependence in a Stochastic Population

xxx
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Auxiliary Math Review XX: Random Variables and Probability Distributions
A random variable Z is a real valued function defined over a sample space S. Rather than define more
formally what this means, intuitively, Z is some measurement that we make with regard to an experiment
whose outcome is uncertain. For example, Z could be the number heads that occur if we flip a coin 5
times, in which case various sequences such as HTTHH and HHHTH are points in the sample space. A
random variable Z could also be the number of individuals in a population of n individuals that survive a
given time interval, where the sample space in this case is the set {1, ..., n}. The process of measuring Z
is referred as an event that results in an outcome.

Random variables can either be discrete and assume only one of n possible values or continuous and assume
any value over some real interval [a, b]. For the coin flipping experiment described above Z is discrete: the
number of heads obtained without consideration of the order in which they occur is clearly 6 (i.e. anywhere
from 0 to 5 heads can be obtained). A continuous random variable might be the mass of an individual who
is a member of a defined population, where the measurement of mass can be made as accurate as we choose.

For discrete random variables that can assume only one of a finite set of values, e.g. Z = i, i = 1 or 2
... or n, we can associate a probability fi = Prob{Zn = i} ≥ 0 with each of the n possible outcomes. The
cumulative distribution F (k) associated with the random variable Z is defined to be

F (k) = Prob{Z ≤ k} =
k∑

i=1

fi. and F (n) = 1.

(The latter follows from the fact that the event of measuring Z always results in some outcome)

For continuous random variable defined on the open interval (−∞,∞) (but is possibly on all but a
subinterval (a, b) ∈ (−∞,∞)) , we can define a probability density function f(z) in terms of the cumulative
density function F (z), as the continuous function (except for at most a countable number of isolated
discontinuities) that satisfies the relationship:

F (z) = Prob{Z ≤ z} =
∫ z

−∞
f(ζ)dζ and F (∞) = 1.

The mean of the random variable Z for the discrete and continuous cases is respectively defined to be

µ̄z =
n∑

i=1

ifi and µ̄z =
∫ ∞

−∞
ζf(ζ)dζ.

Thevariance of the random variable Z for the discrete and continuous cases is respectively defined to be

σ2
z =

(
n∑

i=1

i2fi

)
− µ2

z and σ2
z =

∫ ∞

−∞
ζ2f(ζ)dζ − µ2

z.

If Y = g(Z) is some twice differentiable function of a random variable Z–that is whenever a value Z = z
is obtained, the corresponding value of Y is y = g(z)–then it is known that the mean and variance of Y
can be approximated respectively by the expressions

µy = g(µz) +
σ2

z

2
d2g

dz2
(µz).

σ2
y = σ2

z

(
dg

dz
(µz)

)2
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Auxiliary Math Review XX: Binomial and Multinomial Probabilities
The binomial distribution arises when we repeatedly measure a discrete random variable X n times and
X represents one of two possible outcomes (e.g., success or failure, live or die, presence or absence of an
object or quality), the first of which occurs with fixed probability p, implying that the second occurs with
fixed probability q = 1 − p. The experiment of undertaking n repeated measurements is also know as n
Bernoulli trials provided the value of X at each trial is independent of its value at for all the preceding
trials. If we denote the outcome of success by S and failure by F, then by definition after the first Bernoulli
trial, Prob(S) = p and Prob(F ) = q. After the second Bernoulli trial, our sample space is SS, SH, HS,
and HH. Because the results of the second trial are independent of the first trial, it follows from the
calculus of probabilities that Prob(SS) = p2, Prob(SH) = pq, Prob(HS) = qp, and Prob(HH) = q2, If
we are not interested in the order of the events, only their number–that is, we do not distinguish between
the events SH and HS, both of which occur with equal probability pq = qp–then the probabilities of the
getting 0, 1, and 2 failures are respectively given by the value of the three terms in the binomial expansion
(p+ q)2 = p2 + 2pq + q2 once we have substituted the particular values for p and q = 1− p in each term.
For example, if p = 1/3, then

Prob(no failure) = (1/3)× (1/3) = 1/9, (2.21)
Prob(one failure) = 2× (1/3)× (2/3) = 4/9, (2.22)

Prob(two failures) = (2/3)× (2/3) = 4/9. (2.23)

This result generalizes to n trials. For n independent trials the probability of no to n failures is respectively
given by the n+1 terms in the expansion of (p+ q)n. In terms of the factorial function k! = 1× 2× ...× k,
it its well known that

(p+ q)n =
n∑

k=0

n!
k!(n− k)!

pkqn−k.

Using the formulas for the mean and variance in box xx it can be shown for the n-trial binomial distribution
with probability p of success that

mean: µ = np

and
variance: σ2 = npq = np(1− p).

The binomial expansion used to generate the probabilities associated with a given number of success and
failures for an experiment with n trails can be generalized to a random variable X that has m possible
states, each of which may occur with probability pi,

∑
i=1mpi = 1. In this case we may ask: “What is

the probability that in an n-trial experiment we obtain ki outcomes of state i, where
∑m

i=1 ki = n. This
probability is given by the appropriate term in the expansion

(p1 + ...+ pm)n =
m∑

i=0

n!∏m
i=1 ki!

m∏
i=1

pi
ki .

Finally, we use the notation B(n, p) to denote an n-trial binomial distribution with probability-of-success
parameter p and the notation X ∼ B(n, p) is use to denote that the random variable X is drawn from
B(n, p).
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Auxiliary Math Review XX: Uniform Distribution
The random variable X that is uniformly distributed over the interval [a, b] (i.e. any value on this interval
is equally likely) underlies all of stochastic numerical methods–also known as Monte Carlo. The reason is
that once X is measure, its value can be transformed to closely approximate a random variable Y that
satisfies a host of other distributions, such as the Normal, Gamma, and even discrete distributions such
as the Binomial. The precision involved in generating numerical values for the random variable X itself
depends on hardware and software of computer used to make the calculations. Such numbers generated
by computers are not truly random and hence are referred to as pseudorandom variables. The issues of
precision and true randomness, however, need not concern us here in our definition of X as a continuous
uniformly distributed random variable. Further, uniform pseudo random numbers are for all our purposes
no different from random in the Monte Carlo simulations that we consider in this book.
The probability distribution of X on [0,1] is defined as

f(x) =

{
1

b−a for a ≤ x ≤ b

0 for x < a and x > b.

This definition ensures that we get a cumulative density function (see BOX XX) that integrates to 1 over
(−∞,∞). Specifically:

F (x) =
∫ x

−∞
f(ξ)dξ

=
1

b− a

∫ x

a
dξ =

x− a

b− a
for a ≤ x ≤ b

= 1 for x ≥ b.

Using the formulas for the mean and variance in box xx it can be shown that

mean: µ =
a+ b

2

and

variance: σ2 =
(b− a)2

12
.

Finally, we use the notation U(a, b) to denote the uniform distribution on [a, b] and we write X ∼ U(a, b)
to denote that the random variable X is drawn from U(a.b).
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Auxiliary Math Review XX: Sums and Products of Independent Uniformly Distributed Ran-
dom Variables
Let X and Y be two independent random variables with probability density distributions fx and fy and
associated means and variances µx, µy, σ2

x and σ2
y . Then from the calculus of probabilities we know that

the random variable Z of their sum–that is Z = X + Y has probability density function fz defined by

fz(z) =
∫ ∞

−∞
fx(z − ζ)fy(ζ)dζ

If both random variables are nonnegative (i.e. the probabilities that they can assume negative values is
zero) then expression simplifies to

fz(z) =
∫ z

0
fx(z − ζ)fy(ζ)dζ when X ≥ 0, Y ≥ 0

It also follows from the calculus of probabilities that mean and variance of the sum is given by

µz = µx + µy

σ2
z = σ2

x + σ2
y

The above theory can be applied to the sum of two uniformly distributed random variables on [0, 1
2 ] to

obtain the following triangular distribution.

Result. If X and Y or uniformly distribution on [0, 1
2 ] then Z = X + Y satisfies:

fz(z) =


0 z < 0 and z > 1
2z 0 ≤ z ≤ 1

2
2− 2z 1

2 ≤ z ≤ 1.

and, from BOX XX (using the fact that we have two uniform distributions both with a=0, b=1/2)

µz = µx + µy =
1
4

+
1
4

=
1
2

σ2
z = σ2

x + σ2
y =

1
48

+
1
48

=
1
24
.

If we now generalize this process by summing n uniformly distributed random variables on [0, b
n ], the

distributions become “bell-shaped” and by the central-limit theory can be approximated for large n (e.g.
n ≥ 15) by a normal distribution (See BOX XX) with mean and variance given by

µz = µx + µy =

n terms︷ ︸︸ ︷
b

2n
+ ...+

b

2n
=
b

2

σ2
z = σ2

x + σ2
y =

n terms︷ ︸︸ ︷
b

12n2
+ ...+

b

12n2
=

b

12n
.
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Auxiliary Math Review XX: Normal and Lognormal Distribution and Approximations
As mentioned in BOX XX, if the value of a random variable X is the culmination of many independent
random processes then repeated independent measurements of this variable (e.g. the heights of individuals
in a homogeneous group of people such as young men in a army) will follow the so-called bell-shaped
normal probability density function fµ,σ2(x), which is parameterized by its mean and variance µ and σ2

respectively, and described by the function

fµ,σ(x) =
1√

2πσ2
x

e−(x−µ)2/2σ2 −∞ < x <∞.

The normal cumulative distribution function

Fµ,σ(x) =
1√

2πσ2
x

∫
−∞

xe−(ξ−µ)2/2σ2
dξ.

can not be integrated analytically. This creates a problem for evaluating probabilities of the form

Prob{a ≤ X ≤ b} = Fµ,σ(b)− Fµ,σ2(a),

but is solved in the following manner. The variable X can be transformed to the so-called standard normal
variate

Z =
X − µ

2σ
,

which is the normal distribution with µ = 0 and σ = 1. Its probability density function is

φ(z) =
1√
2π
e−z2/2 −∞ < z <∞.

and its cumulative distribution function is

Φ(z) =
1√
2π

∫
−∞

xe−ζ2/2dζ.

Values of the function Φ(x) for different values of x have been tabulated and appear in almost all statistical
texts and are available in all statistical software packages. Once these are known, then it follows that

X = µ+ σZ ⇒ Fµ,σ(x) = µ+ σΦ(z)

We use the notation N(µ, σ) to denote the normal distribution with mean µ and square root of variance
σ. We write X ∼ N(µ, σ) to denote that the associated random variable X. In particular Z ∼ N(0, 1) is
the standard normal variate.

A random variable Y is said to be lognormally distributed if X = lnY and X is normally distributed: that
is Y = eX . Its PDF ψm,s is non-zero on (0,∞) and is best expressed in terms of two parameters m and s
(these are not the mean and square root of variance parameters) as:

ψm,s(y) =
1

ys
√

2π
e−(ln y−m)2/2s2

0 ≤ y <∞.

The mean and variance of this distribution are respectively given by:

µ = e(2m+s2)/2 and σ =
√
e(2m+2s2) − e(2m+s2).

Finally we note that the normal distribution provides a good approximation to the binomial distribution
whenever the minimum of np and nq = n(1− p) are both greater than 5.
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Auxiliary Math Review XX: Pseudo Random Numbers and Monte Carlo Simulation

The first step in generating pseudo-random numbers, i.e. numbers that for all intents and purposes have the
properties of random numbers, with a computer is to employ an algorithm based on a modular arithmetic,
such as

Xi = aXi−1 mod M,

(here “mod” is the modulus function that keeps the remainder after aXi−1 has been divided by M) to
generate a sequence of integers Xi ∈ [0,M −1]. A corresponding number Ui between [0,1] is obtained from
by letting Ui = Xi/M. (Note that the smallest value of Ui is 0, but the largest value of Ui is not 1 but 1− 1

M ,
where the latter fraction determines the resolution of the process–that is, the number of decimal places
to which the values of Ui can generated). How well the above algorithm works in generating a random
variable U that is uniformly distributed on [0,1] critically depends on the integer values of a and M . (More
sophisticated algorithms exist.) The procedure also requires a starting value or “seed” X0 ∈ [0,M − 1].
Most computers select this value from a memory bin that is always changing such as one associated with
computer clock function. A set of values that works well is M = 231 − 1 and a = 75, but the sequence of
numbers that it generates cycle with period 231.
Having generated a sequence of pseudo-random values Ui that are uniformly distributed on [0,1], we can
turn this into a sequence of pseudo-random values Bi as follows for an n-trial binomially distributed random
variable B with probability of success parameter p ∈ (0, 1). Use Fbin(k;n, p) for this binomial distribution
to denote the cumulative probability of obtaining k or fewer success. Then Fbin(i;n, p), i = 1, ...n is an
increasing sequence of numbers on the interval [0, 1] with Fbin(n;n, p) = 1. For example, in Fig XX we
construct this sequence for n = 5 and p = 0.3. For each value Ui the value of Bi is determined by:

Bi = k whenever Ui ∈ [Fbin(k − 1;n, p), Fbin(k;n, p)).

Here we define Fbin(−1;n, p) = 0 and the procedure will produce all k = 0, 1, ..., n possible outcomes with
the probabilities that much the binomial probability density function. Also note that since the largest
value for Ui is fractionally less than 1, we use a closed left and open right interval to define the range for
Ui to yield a corresponding value Bi = k.

Simulation of the stochastic model X(t+ 1) = S(t)B(t)X(t)
t = 0 and X(0) = x0

loop (2.24)
Generate u1(t) ∼ U(0, 1)

Select kb such that u1(t) ∈ [Fbin(kb − 1;x(t), pb), Fbin(kb;x(t), pb))
Calculate newbornsx̂(t) = kb + 2(x(t)− kb)

Generate u2(t) ∼ U(0, 1)

Select ks such that u2(t) ∈ [Fbin(ks − 1; x̂(t), ps), Fbin(ks; x̂(t), ps))
Calculate next generation: x(t+ 1) = ks

t = t+ 1 and return to ”loop” until t = T
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Box XX: Equilibria and Stability of Dynamic Positive Maps
Consider the set of continuous functions y = F (x), where F maps the nonnegative real numbers [0,∞)
back into themselves (i.e., for each nonnegative real number x, F (x) is also a nonnegative real number).
The intersection of the equations y = F (x) and y = x are given by the algebraic solutions x∗i , i = 1, 2, 3, . . .
(there may be none, one, several, or even infinitely many) to the equation

x = F (x). (2.25)

FIG. y=F(x) INTERSECTING WITH y=x

Now consider the discrete dynamic model, which is also called the iterative mapping, defined by F (x):

x(t+ 1) = F (x(t)). (2.26)

The solutions xi∗, i = 1, 2, 3, . . . to equation (2.25) have the property that if x(t) = xi∗, then x(t + 1) =
F (xi∗) = xi∗. Since repeated application implies that if x(0) is equal to any of the solutions xi∗ to
equation (2.25), then x(t) = xi∗ for t = 1, 2, 3, . . ., each of these solutions xi∗ to equation (2.25) is called an
equilibrium solution. But what if the initial value x(0) is not equal to one of these equilibrium solutions?
For a partial answer see Box 2.3.
Stability theory provides us with a means for determining what happens if the initial value x(0) is not an
equilibrium value xi∗, but is arbitrarily close to xi∗. The following five situations can arise, depending on
the value of the derivative dF

dx evaluated at x̂, which we write as dF
dx

∣∣∣
xi∗

:

Type Condition Expression

1. Asymptotic stability 0 < dF
dx

∣∣∣
xi∗

< 1 x(t) → xi∗ from above or below,

without oscillations: depending on the value of x(0)
SMALL FIG

2. Asymptotic stability −1 < dF
dx

∣∣∣
xi∗

< 0 x(t) → xi∗ but alternately taking

with oscillations: on values above and below xi∗.
SMALL FIG

3. Unstable without dF
dx

∣∣∣
xi∗

> 1 x(t) moves away from xi∗
oscillations: staying on the same side as x(0).

SMALL FIG

4. Unstable with oscillations dF
dx

∣∣∣
xi∗

< 1 x(t) moves away from xi∗ but alternately tak-
ing on values above and below xi∗.

SMALL FIG

5. Indeterminate or neutral dF
dx

∣∣∣
xi∗

= 0, 1, or -1

these cases require an analysis involving the
second derivatives to determine the outcome:
in the first case the equilibrium is asymptot-
ically stable, but may or may not other two
cases the equilibrium may be stable or oscil-
late, while in the unstable, or even neutrally
stable in the sense that with time x(t) or a
two-cycle (x(t), x(t+1)) remains the same dis-
tance from xi∗.
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Box XX: Cobweb Diagrams
For the purposes of presenting the cobweb diagramming technique for understanding the stability properties
of a particular equilibrium solution x∗ to the iterative map x(t + 1) = F (x(t)), we assume that x0 is an
initial value close to x∗ and use the notation xt = x(t), t = 1, 2, 3, . . .. Now consider a graph of the
relationship xt+1 = F (xt), which is the same as a graph of the relationship y = F (x), except the x-axis
is called xt and the y-axis is called xt+1. On the same graph plot the 45◦ line xt+1 = xt. We know
that the intersections of the line xt+1 = xt with the graph xt+1 = F (xt) are the equilibrium solutions.
For simplicity, we assume that only 0 and one nontrivial equilibrium x∗ exist. The power of the cobweb
diagramming technique is the realization that if we use the graph xt+1 = F (xt) to evaluate x1, given x0,
then by projecting x1 on the vertical axis along the horizontal to the 45◦ line xt+1 = xt we have located
the point x1 on the horizontal axis and we can immediatally project vertically onto the graph xt+1 = F (xt)
to evaulate x2.

FIG OF COBWEB GRAPH

If we now approximate the graph xt+1 = F (xt) at its equilibrium x∗ by a straight line, that is by a line
with slope dF

dx

∣∣∣
x∗

, then the cobweb method indicates that solutions

1. approaches x∗ monotonically when 0 < dF
dx

∣∣∣
x∗
< 1 PLACE FIGURE

2. approaches x∗ in an oscillatory fashion when −1 < dF
dx

∣∣∣
x∗
< 0 PLACE FIGURE

3. recedes from x∗ monotonically when dF
dx

∣∣∣
x∗
> 1 PLACE FIGURE

4. recedes from x∗ in an oscillatory fashion when dF
dx

∣∣∣
x∗
< −1 PLACE FIGURE

The Linearization Principle in Stability Theory (Chapt. ?) allows us to translate the results we obtain
from the cobweb method into the stability results presented in Box 2.3.

2.9 Discrete Iteroparity

2.10 Discrete Scalar Model

The unit of time is time to reproductive maturity

x(t+ 1) = s0bx(t) + s1x(t), x(0) = x0. (2.27)

This equation implies x(t+ 1) = λx(t) with λ = s0b+ s1.


