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ABSTRACT 

A birth-and-death procms population model is formulated to include positive and 
negative control parameters. The general solution for the distribution of the size of the 
population at any instant in time is obtained in the form of a probability generating 
function. The forms of the mean and variance are derived for constant birth and death 
parameters, and the values of the control parameters which steer the mean towards a 
target value are obtained. Optimal control to reach the target value is discussed with 
respect to minimizing a cost performance index. The cost of variance and the cost of 
determining the initial distribution of tire population are taken into account. The analysis 
is extended to include piecewise constant parameters. 

1. INTRODLJCTION 

The formulation of a birth-and-death type process, as pioneered by 
Yule, Feller and Kendall among others, has been used successfully to model 
the behaviour of stochastic populations. Recent examples of this technique 
applied to finding the probability distribution of the size of the population 
being modelled are many and varied and include modelling of multiple 
births [I], competing species [2] and birth-death-and-migration processes [3], 
as well as modeis in which differentiation between the sexes is incorporated 

141 . 

eral, the object of work done in this field is to ind an expression 

to describe how the probability distribution of the size of the population 
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will vary with time. However, it appears that no attempt has been made to 
analyze contdling a population in order to steer its distribution towards a 
desired target at a given time and further minimize a cost performance 
criterion. It should be noted, though, that there are a number of papers in 
the ecological field, tackling this problem from an operations research 
approach [fi, 61. 

The purpose of this paper is to analyze the control of a birth-and-death 
process by introducing two parameters. These parameters will be termed 
positive-control and negative-control, depending on whether they increase 
or decrease, respectively, the value of the mean of the population distribu- 
tion from what it would have been had no control been applied. 

2. FORMULATION OF THE PROCESS--THE DEVELOPMENT OF 
A GENERAL MODEL 

Let n, the number of members in a populatio!l, be a stochastic variable 
taking on the values 0,1,2,3, . . . Let P,,(t) denote the probability that the 
population is of size n at time t. Let 6t > 0 denote a small increment in time. 

If the population is of size n at time t, then during the interval [t, t + St] 

it is assumed that any of the following five events may occur: 

(i) Each individual present at time t may give rise to an additional 
individual with probability h(t)& + o(&). 

(ii) Each individual present at time t may leave the population (die or 
emigrate etc.) with probability p(t)& + o(&) 

(iii) Positive control is applied to the population, in which case an 
individual may be added to the population (immigrate) with probability 
v( t)bt + o(&) 

(iv) Negative control is applied to the population, in which case an 
individual may be removed (culling, forced emigration) from the population 
with probability a( t)bt + o(&) 

(v) None of (+0-(v) occur, and the population level remains the same. 

We also assume that the probability of more than one of the events (i)+v) 
occurring is o(&). Under these conditions we derive the following re- 
lationship: 

p,(t+&)=((n- l)[h( t)Qt + o(&)] + v( t)6t + o(a)) Pm_ ,( t) 

+ (;n+ l)[ p(t)crt+o(&)]+a(t)&t+o(&))P,+,(t)+o(St), (2-1) 
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which on lettin 6t--+O becomes the following differential equation: 

CW=[(fl+ I)rc(t)Ca(t)]P,,,(t)_En(Ir(t)+h(t))+a(t)+v(t)jP,(t) 

+ [(a e I)W) + JW]P,- i(t)9 

(2.2a) 

where ’ denotes differentiation with respect to t. Since negative control 
cannot exist when n=O, we have 

I Ido+ Q40]4(0-- vwp,(o* (2.2b) 

If at time t = 0 we know that the population has a distribution 

pi(o) = yi, i=o, 1,2,..., 

$ yi’l 

(2.3a) 

(2.3b) 

(because Pi(O) is a distribution), 

mean = no, (2.3~) 

variance = ai, (2.3d) 

we can solve (2.2) subject to (2.3). 
Taking one or more of the parameters h(t), p(t), v(t) and a(t) equal to 

zero, we obtain the equations for the Poisson, Pascal, Polya, pure birth. and- 
death, Palm and Arley processes as special cases. The most general of these 
is Arley’s birth-and-death-with-immigration model 171, in which only (r(t) of 

the four parameters is zero. 

3. GENERAL SOLUTION RISTRIBUTIO 

robability generating function 

(3-l) 
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Then 
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(3 2) . 

JlP*(t)S”“‘, 

a2$y) = g n(n- 1)P,(t)sn-2. 
n=O 

(3 3) . 

(3 41 . 

Obviously (3.1) converges for 1 S 1 Q 1, since g P,,(t) = 1. In addition 
n=O 

(3.3) and (3.4) exist for ISI < 1 provided the mean and variance of the 
%stribution are finite for all finite t. No attempt will be made to be 
m&thematically rigorous, as the physics of the problem justifies most 
mathematical steps. The interested reader can refer to Ref. 9 for a rigorous 
:mathcmatical account of general queueing processes. 

Multiplying Eq. (2.2a) by Sn and summing over all n, we have, using 
(3.1), (3.2) and (3.3), 

2 =(h(t)S-p(t))(S- 1) a+ as + (y(t)- f!.g )(S- 1)+. (3.5) 

where for ’ tractability the arguments of +(S, t) have been dropped. The 
method of solution to (3.5) is sketched below for completeness. The full 
theory can be found in Piaggio [8]. 

The auxilliary equations corresponding to (3.5) are 

We first 

dS =dt= d+ 

(Mt)S - !4t))(S - 1) - 1 (a(t)/S- v(t))(S- l)+ ’ 
O-6) 

Find a function U( S, t) = constant by solving 

l!S --=- 
d:” 

(S- l)(h(t)S-p(t)). (3 3 . 

Making the substitution S = 1 + 1 /Z we obtain 

g -(h(t)-p(t))Z=A(t). 

The integrating factor for this equation i,s 



where is of integration. Finally, since Z = f /(S -- l), we have 

Manipulating (3.10), we find that 

$‘+x PW 

k+ I i(+(T)d7 ’ 
0 

k+p(t)+ j\(+(r)dT 
S= 

/ 0 

k+ ‘ALIT l / 0 

We now find a function V(+, t, k)= const by solving 

g+(t)-- !q(S- 1)+ 

(3.10) 

(3.11) 

(3.12) 

(3.13) 

and substituting for S and S- 1 in (3.13) from (3.11) and (3.12). Since 

& 
7 =log+(S,t)- K, 

where K is the constant of integration, we have 

t 

logQI(S,t)- 
4Md 

k + 
I 

‘I++(o) dw 
0 

dr= pi: (3.14a) 

-i.e., we have found 

(3.14b) 
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The general solution to (3.5) is given by 

where f is an arbitrary 
From (2.3a) and (3.1), 

V(+,t,k)==f( WW))~ (3.15) 

function determined from the initial conditions. 

9(W)= 5 Y/J”, 
n-0 

and from (3.14a) and (3.14b) for t =0 we have 

From (3.8) and (3.1), since p(O) =O, we have 

u(W)= A? 

(3.16) 

(3.17) 

which leads from Eqs. (3.15) and (3.16) to 

1 
I( 1 S-l 

‘log 2 yJ”, 
n=O 

giving the general form off as 

(3.18) 

So finally, from (3.15) for all t, using (3.10), (3.14) and (3.18), we have that 

$4 S t) = exp 

(3.19) 

where k given by (3.1 
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. CONSTANT PARAMETER SOLUTION STRIBUTION 

Let the pwameters constant for all t so 

X(t)=h 

93 

a(t)= a. 

and 

/ 0 

From (3. IO), 

1 x efP’X)r+ _ 
p-x ’ (4 3) . 

and 

V-4) 

Thus (3.19) becomes 

I &-Ah 

k+[h/( p-A)](e(‘-““- 1) d7 

Using the identity 

dt 
c -I- beat 

and substitution 
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becomes 

+(S,t) = 1 (p-hS)+X(S- l)e@-pk -“’ 

P-A 1 
I (p-XS)+p(S- l)&-@t a/r 

X 
S(P-A) 1 

n 
p-AS+p(S- I)e+@ 
p-XS+A(S- l)eQ-6 

I) 
l 

(4 6) . 

Thus we have found the form of the generating function for the 
distribution of the size of the population at any time t, which here, stated in 
its most general form for constant parameters, appears to be a new result. 
However, the task of finding a particular P, t), i.e., finding the coefficient 
of S” in (4.6), poses a difficult problem. 

5. FINDING THE MEAN AND VARIANCE 

The two most important moments of a distribution are the mean and 
variance, and these can be found quite easily. 

If we put S= 1 in (3.3) and (3.4) we obtain 

-$$,t)= 5 nP,(t) k E(n), (5 1) . 
n=O 

n(n- l)P,(t) A E[n(n- I)], 
n=O 

(5 2) . 

which are the mean and second factorial moment of the distribution, 
respectively. Let W(t) denote the mean at time t and aa the variance at 
time t. Since the variance is the second moml-nt of the distribution about 
the mean, we have 

[fl(U-- 1)]-tR(I)-+i2(l). (5 3) . 

To facilitate the algebra involved in differentiating (4.6) once and then 
twice and setting S= 1 after each differentiation, we can approach the 
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step by step as follows: Let 

f(S)=(p--XS)+X(S- 

(S)=( #6---As)+p(s- I)e’x-~)‘. 
Then 

f(I)=p-A, 

f’(S)=f’(l)= -A+he’“-p”, 

f”(S)=f”(l)==O, 

g’(S)=g’(l)= -A+ /UP-@, 

g”(S)=g”(l)=O. 
Let 

f(S) 
\t(SJ)= _h 9 

K(S,t)= 
g(S) 

w-v ’ 

g(S) 
r(W)= f(s) l 

Then 
\t(l,t)= 1, 

x 
WJ)= A-p( p-M* _ I), 

qyl,t)=O, 

K(l,t)= 1, 

K’(t,t)= L(dA-r)r- I), 
CL-X 

K"(l,t)= - 2P -(e(X-PL I), 

P-X 
r(l,t)= 1, 

r’( l,t)= e’X-fi)l, 

r”(l,t)= - U(&@- 1). 
P--x 

95 

(5*4) 

(5 5) . 

(5 6) . 

(5 7) . 

(5 8) . 
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Rewriting (4.6) in terms of (5.6), (5.7) and (5.8), using (5.4) and (5.5), we 
have 

cp(s,t)=~~(s,t)-v’hfc(S,t)a’p 2 Y,r”(S,t) I (5 9) . 
n-0 

Recalling Eqs, (2.3 a, b, c and d) and using (5.3) we have that 

00 
c Wn = b (5.10) 

n=O 

2 n(n-l)yn=+no+n$ (5.11) 
n=O 

We can now proceed to find n-(t) and a*(t) by differentiating (5.6) once 
and then twice and setting S = 1. Using the preceding analysis we finally 
obtain 

fi( t) =: nO#VC)r + Cr-v (e(A-P)c - I), 
P-X 

(5.12) 

+ A+cr (A - ph 
&pnoe ( (+A - p)r - 1). (5.13) 

These results, giving the explicit time-varying trajectory of the mean and 
variance, will be crucial to the ensuing analysis, as the mean and variance of 
the population are the two most important state variables of the model. 

6. DIRECT DERIVATION OF MEAN AND VARIANCE 

It is possible to find the mean and variance directly from (3.5) without 
first solving for the distribution. Differentiating (3.5) with respect to S and 
(5.1) with respect to t, we have when S= 1 that 

SimiIarly using (5.2) 

a39 
(1 0 

as*at ’ 
= $jn(n- 1)) 

= -$E(d)- -$n(t) (6 2) . 
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(3.5) with respect to S and setting S= 1 will lead directly to 

(6.3) 

+v(t)+a(t). (6 4) . 

E(n3 is the second moment of the distribution around zero, so that 

t?(z)= E(n2)- ii(t)2 

Equations (6.3) and (6.4) are thus subject to the initial conditions 

W) 

R(0) = no (6.6a) 

E(n*)l,,o=u;+g (6.6b) 

solving these equations subject to the initial conditions is easily done if 
the integral of A(t) - p(t) can be evaluated, since the equations are linear, 
first order, and only coupled one way. Let 

I t[M~~- P(r)]~=fW* (6.7) 
0 

The integrating factor fox (6.3) is then e-fll), so that 

n(t)= t?flt) v t[v(+a(~)]e-flr%h+ C , 

0 I 
and from the initial conditions the constant of integration C is given by 

To evaluate (6.8) the form of the controls v(t) and a(t) must be given, and 
this freedom may allow us to choose them in some optimal fashion. If X (t) 
and p (t) are constant dlnd we choose ZI (t) and (u (I) constant, we have 

SW=&- P)k 
so 

(6.10) 
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which is identical to (5.12). Similarly, for constant parameters, solving (6.4) 
subject to (Mb) and using the relationship (6.5), we will obtain an expres- 
sion for a*(t) which will be identical to (S.i3).When or ly the mean and 
variance of the distribution are required, it significantly reduces the amount 
of work involved to use (6.1) and (6.2) directly, rather than solvin 
and then finding the mean and variance afterwards. 

7. UNRESTRICTED CONSTANT CONTROL. 

Suppose that we are interested in steering the population distribution 
mean towards a desired value (N, say) at a given time 9, all parameters are 
constant and there are no restrictions on the controls-i.e., we want 

or by (5.12) 
H(Q)= N, 

N = n,e’“- r’CI+ - iI% (h-r)& 1). 

Rearranging (7.1), we get the form of the control as 

( Y-h)(N- q,e@-')~) 
(Y--Y= 

(7 1) . 

(7 2) . 

For all +> 0 the factor 

p-h <o 
e(A-PI’,- 1 

for all A and k, since h and p are both non-negative. 

(7 3) . 

If no co;ltrol is applied, i.e., a - v = 0, then 

fi(tr>= noe'x-@)~, 
so that 

is the difference between the 
tively are applied. 

(A) If IV > n,e("-~)$ then 

N - n,@-F)Q 7.4) 

means when control and zero control respec- 

from (7.3) and (7.2) a - v < 0, and as at and v 
are both non-negative we have a < v. Thus positive control exceeds negative 
control, giving a net positive control level of v - a. In order to minimize the 
amount of control used, choose a 50. Intuitively the above analysis says 
that if the desired mean N exceeds the natural mean nge(A-p)$ we must 
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and from (7.2) the level of constant positive control 
e mean N must be 

(7 5) . 

y a net negative control, and 

(p-=h)(N- noe’“-C)Q) 
a= 

&-r)‘f- 1 

and 

v=o. 

8. MAINTAININ A CONSTANT MEAN 

Once we have reaeued the desired mean N at time t/, we may want to 
maintain the mean at tilis level for all time in the future. Thus consider 1/ to 

1 time, SC, that H(t,) = N is our initial condition, and find the 
form of the control so that 

ii(t)= N for all t > 9. 

Adapting Eq. (7.2), we have 

(8.1) 

for all t > I/, i.e., 

a- v=(X-p)N. (8-2) 

If N > Ne@-“x’-*), which implies A < c(~ then (7.3) becomes 

v=(c(,-h)N. 

If N < Ne@-‘@xc-q), which implies A > cc, then (7.4) becomes 

(8 3) . 

a = (X- p)N. (8.4) 

ts (8.3) and (8.4) appeal intuitively, since clearly the effect of 
to cancel the net decrease in the total population bv applying 

positive control at the same level as in (8.3), or to cancel the net increase in 
the total plying negative control at the same level, as in 

(8 
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9. VARIANCE FOR CONSTANT PARAMETERS AND CONTROL 

The variance at any time t can be easily found using Eq. (5.13) and the 
results obtained in Sets. 7 and 8 for the control levels. Since 

for all A, ~1 non-negative, all the terms in (5.13) are non-negative except 

which is non-positive. So a*(t) is always greater than or equal to zero when 
a =0, as it must be to be mathematically consistent. However when a is 
non-zero, the greatest value a can have over the interval [to, Q] is such as to 
make N =O; i.e., from (7.6), 

(9 2) . 

Considering the term 

in u2(+) we find that, on substituting (9.2) in (9.3), we are left with 

which by (9.1) is non-negative for all h,~ non-negative, so that a2(t) is 
positive for all t, tar all possible constant control parameters and no doubt 
for all feasible controls of the system. Also from (5.13), u2(t) is not 
necessarily monotonic, because of the appearance of the factor efiv@ - 1. 
However, if the mean is decreasing (i.e., X < p and/or v c a), the variance 
will tend to decrease after a certain time, and V:ce-versa. 

The variance at any time t for Iv< noe @-fi)qB using (5.13), (7.6) and (8.4), 
is as follows: 

(i) 09 taj: 

+ x+cr -noe(A’N)*(e(x-p)t _ 1). 

A-P (9 4) . 
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(ii) t = tj4 

a2( tj) = uo2e2G- W- x h __&p-“qp-C)lf- 1) 
-cc 

(iii) t > 9: 

@2(t) = q2( t/)e2(X-~x’-9 

+h+P e(h-rM,-r,,(e(A-~Xf-rI) _ 1) n 

h-p O 

(9 9 . 

(9 6) . 

Similarly, we can obtain a set of expressions for a2( t) when N > n,e@ - p)q 
using (5.13), (7.5) and (8.3). 

10. DERIVING A COST PERFORMANCE INDEX 

Although in many engineering systems the cost of control is easily 
evaluated, in most ecosystems there are subtle costs that are just as easily 
overlooked. For example, culling an overpopulated group of animals in a 
tourist game park may cause the population to become xenophobic to the 
extent where tourism in the park is affected. Since each system has its own 
inherent cost subtleties, it is impossible to formulate a general cost perfor- 
mance index. However, in a large class of problems we may be interested in 
the cost of steering a system towards a desired mean, and the cost of not 
having attained this goal at some given time t = t,_ We can expect the cost to 
increase as the following factors increase: 

(i) The difference between the desired mean N and the actual mean fi(t,) 
at the final time. 

(ii) The size of the variance-i.e., we “pay” for being uncertain of the 
true size of the population. 

. . . 
( ) 111 e magnitude of the control variables. 

In the particular model described in this paper, there are two modes of 
control, (r and v. Since v, the positive control, increases the mean and 1y, the 
negative control, decreases the mean, it is physically incongruous for them 
to operate simultaneousty. Their mathematical dependence can be seen in 
Eq. (7.2), which in fact shows that there is effectively only one control, 
namely a - V. owever, an interesting point to this model is that we may 
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have some control in determining our initial distribution. In human popula- 
tion studies the mean of the population can be determined to a high degree 
of accuracy because full population censuses are conducted periodically, 
but in many populations, especially certain animal populations, it is enor- 
mously difficult and costly to obtain an initial distribution with a small 
variance, to the point where an exact knowledge of the size of the popula- 
tion is “infinitely costly”. Thus in some systems we can consider the initial 
variance CJ,,~ (or equivalently the initial standard deviation uo, the positive 
square root of the variance) as a control variable, and for a given initial 
mean no we can with increasing cost reduce the magnitude of ua. 

Suppose at time t = 9 we desire the mean to be N, where N < noe@-% 
As in Sec. 7 (B), we take v = 0. However, in optimizing a cost performance 
index, we may find that since there is a cost involved in applying a, the 
optimal a will in general differ from the a given by (7.6), and the actual 
mean obtained will in genera! :rot be equal to the desired mean Iv. Let xl be 
the difference between the actual and desired means at time 9. Then from 
(15.12) we have 

Let x3 denote the variance at time 9; then from (5.13) we have 

+h+P -no@ h--P 
(A-#$- lp-“‘r. 

(10.1) 

(10.2) 

If J(a, a,) is our cost performance index, then from (i), (ii) and (iii) we must 
have 

(10.3) 

In order to find a stationary minimum of J with respect to the control 
parameters a and a,, f must be non-linear in these parameters, 

1. COST OF DEVIATING FROM THE MEAN 

When xl is zero, we are at the desired mean, so that x1’s contribution to 
the cost at this value must be by (i) also zero. In addition f must be a 
monotonically increasing function of x1. If we can estimate the cost 
j’(xl,O, 0,O) at two or more points xi, excluding x1 =O, we can fit the graph 
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exactly or by a least squares met od, respectively, to obtain the form of the 
cost contribution of x1. 

Intuitively, a good guess at k, is 2, because mean values close to the 
desired mean should relatively be less heavily nalized than mean values 
twice as far away from the desired mean. 

From general statistical theory r&e standard deviation a(+) is a linear 
measure of the confidence interval around the mean R(Q). At a given level 
of confidence, there is a fl >O, whose value depends on the level of 
confidence and the number of samples used to estimate the size of the 
population, such that the mean will be found at that level of confidence 
within the interval 

From (10.2) we have o(t,)= x&x,ao) *i2. Since both xi (a) and u (9) measure 
the deviation of the mean from a desired value, they should have the same 
form in the cost function, i.e., a&) should also be raised to the power k,, 
although the actual weighting constants will in general differ. Thus 

(10.5) 

Again, a? may be calculated by estimating the cost corresponding to a 
number of different x2 values. Since the maximum deviation of the mean 
from iI@) at the desired level of confidence is /3u(‘/), using the idea thrit 
@(t,) and x,(a) should push up the cost at the same rate, i.e., 

xl(4 = BX2(4w4J1~2, 
we have, raising both sides to the power k, and multiplying by q, 

a,+( a)” = 4, /3&1x2( a, c+J~~/~, (10.6) 

which from (10.5) implies that 

a2= a1 /Sk’. (10.7) 

Either a2 is known, so that the necessary level of confidence can be 
calculated through j3, or the level of confidence is known and a2 can be 
calculated from (10.7). The greater the confidence needed in the mean, the 
larger j3 must be and (since kl >O and a1 is constant) the larger a2 will be. 
Thus the greater the confidence with which we need to know our mean, the 
larger will be the weighting factor a,, and the more effect the variance will 
have in the cost function. 
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III. COST OF CONTROL 

The cost involved in applying a will very 
general it will be of the form 

f(o,0,a,0)=QjlXk~4 

where a, > 0 and k2 > 0 can be estimated as in 

IV. COST OF IMPROVING INITIAL VARIANCE 

W. . GET2 

often be linear, although in 

(10.8) 

I. 

I 

f(0, O,O,uO) must be such that the cost will increase as the m 
0, decreases. It must also model the alternatives of fmite or infinite cost in 
finding an no with ao= 0. 

Consider 

f(O,OAa,)= a4 
(u$, + aJk4 ’ 

(lQ.9) 

where a4 > 0, a5 2 0, k3k4 > 0. Since ksk4 > 0, (10.9) is a monotonically 
decreasing function of oo. If u5=0 it is “infinitely costly” to make uo=O; 
otherwise, for us > 0 it will cost u4aFk4. 

Suppose that the size of a biological population is estimated from 
sampling, using a capture,-tag-recapture technique, where the statistics are 
derived from the proportion of animals captured more than once. Let Ei be a 
best estimatate of the population size. The variance associated with ii, 
denoted var (ii), has the property that the smaller var (ii) is the more we 
know about ii. Let us define information I on ii as 

I= l 
var (6) ’ 

(10.10) 

Clearly, zero information implies infinite variance and vice versa. 
Consider a multiple recapture census comprising a sequence of samples 

S&W Ss, where the members of Si,. . .,&_ 1 are all tagged before being 
returned to the population, while the members &, . . .,Ss are classified 
according to when, if at all, they have been captured before. It is assumed 
that the method of capture does not kill or affect the future behaviour of a 
population member. Let p be the probability of an individual bein 
in a sample, and let 4” 1 -p. To improve our estimate of n by red 
(ii), we can either increase the number of samples taken or decrease the 
value of q. Let e be the amount of effort expended in obtainingpn members 
in each sample; then if e = 0, pn is zero, so Q = 1. If it is “‘infinitely difficult” 
to count the whole population exactly, then pn = n ich implies q =O), 
only when e is infinitely large. Thus q is related to e 

Q=exp( - ae) a>0 (10.11) 
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Darroch [ IO] proves that if e is increased to ke, k > 1, the information 
nlarged to more than k21, while if e is held constant and the camber of 

creased from s ta s + 1, the information is increased by more 
s - I), i.e., 

I;, >4I&B 
and 

where 1@ denotes the amount ation obtained with effort e for fixed 
the amount of information obta ed with s samples for fixed e. 
1, then the first order approxim 

Ige 3: 41, (10.12) 

I, =41, (10.13) 

will be . This condition wiM invariably hold, since pn/n will usually be 
of the order of a fraction of a percent, implying that q will be very close to 
1, and from (10.11) this gives ae very small indeed. 

Suppose increase in cost is directly proportional to increase in effort or 
increzze in the number of samples. Then doubling the effort or number of 
samples will increase the information by a factor of 4, or by (10.10) will 
decrease the variance by a ctor of 4. This is equivalent to decreasing the 
standard deviation by a factor of 2-i.e., the increase in cost is proportional 
to l/ue, and thus (10.8) becomes 

f(a44u~)= 2 l 
(10.14) 

Clearly (10.14) is only applicable to populations where it is “infinitely 
difficult” to determine the size of the population exactly. a,> 0 can be 
calculated as before. In general if the cost can be determined empirically for 
a number of points (ai, f (O,O, 0, u:)), then a4, as, k3 and k4 in (10.8) can be 
determined as previously iscussed by fitting a curve to these points. 

The reader interested in capture-recapture statistics should consult Refs. 
II and 12. 

ly synthesizing (EO.3), (10.4), (10.5), (10.9, (10.8) and (10.9), we 

+a3ak2+ 
a4 

(a,“3 + a5)k4 ’ 
(10.15) 
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A similar analysis can be done for N > n,-,e(“-‘)$ in which case cy = 0, v > 0 
and J = J( V, ~0). 

11. MINIMIZING THE COST PERFORMANCE INDEX. 

Suppose that k, = 2, kz = 1, and we are analysing a large animal popula- 
tion whose size is “infinitely costly” to determine exactly. Then (10.15) 
becomes 

(11.1) 

We can minimize (11.1) by finding the stationary points of J(a,q=,) with 
respect to the parameters a and a0 and checking to see if the second 
derivative matrix of J is positive semi-definite. 

Recalling ( 10.1) and ( 10.2), and letting 

we have 

y = r(q), 

a 2Xda) =o 

aa ’ 

ax2ca3 a,) 

aa 
= - ry(Q2, 

a2X2(a9uo) =. 

aa 
9 

a 2x2(a, uo) 
aa02 

= &2’X- p,c, 9 

(11.2) 
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Thus 

=2a1[noeo’-~)~-- N+ar(t,)]r(t,) 

- 4 S2cyOj) + a9 

!Wving for a in U l&x =O and substituting for r(9) gives 

a= 
(p-A)(N-noe~x-p)~t) + pfi2 

(,a--r)!/- 1) 2 

=2a, f12~oe2(A-~)Q- 3 . 

Soking for a0 in $==O gives 
0 

(because a,,/3,&oo are all positive) and 

a9 -=o, 
aaaiJo 

it follows that the matrix 

a2J a3 
-52 ih.@h 
a2J _ l12J 

aaa0, aao2 

(11.3) 

(11.4) 
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is positive semi-definite, so that the values of (Y and q, given by (11.3) and 
(11.4) minimize .!(a,@. If p = 0 and a3 = 0, in which case we are not 
interested in cost of variance or control, (11.3) is ideGca1 to (7.6). Thus in 
(11.3) we have found the optimal level at which ta apply constant negative 
control on the system, and in (11.4) we have found how accurately we must 
determine our initial mean by indicating the size of the initial variance, so 
as to minimize the cost performance index (11.1) defined at the 

12. PIECEWISE CONSTANT PARAMETERS AND THE 
MINIMIZATION PROBLEM 

SO far we have only considered systems with constant parameters A, p, v 
and a! over the interval [to= 0, $1. The extension of the analysis to piecewise 
constant parameters over this interval is worth while, since this may be a 
good approximation to complicated time varying parameters, especially 
birth and death parameters that vary seasonally. 

Suppose that we divide the interval [tmq] into m subinterva 
the ith subinterval [t- ,_ l, ti] by Ati, and let the parameters over this interval 
have the constant values 4, t;ri, ai and 4. If the mean at time ti- l is ni_l and 
the variance ai-1, then adapting (5.12) and (5.13) to the new notation we 
have 

n, = n,, ,e(h-C4M f 
ai - Vi 
- (e(h-I+W _ l), 

Pi-hi 

Ui=Ui_ 1 2e2’4 -- p&bt, + 
Ai+ /$ 
- et& - h)Ati (e& - b)At, _ 1) 

k-k 

(12.1) 

(12.2) 

and thus ( 10.1) and (10.2) become 

Xl(n,_ I,ai);e:ni- N (12.3) 

The cost of running the system over the ith interval will be, by (10.15), 
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I cost of running the system over [ t*tf] will be given by 

(12.6) 

) but we can choose the m + 1 parameters a,, al,. . . ,a,,, 
to minim~e (12.6). It is worth noting that choosing each a, 

a, to minimize J(n,ao,a,) will not in 
ai-8 are dependent on bma1,...,ai_t. 
utational procedures to find a 

that will ~~inirn~e 

u L (uma,,a2,...,am) (12.7) 

1. R PROGR4MMlNG 

There are a number of algorithms, including the various gradient 
methodi [ 13, 141, that are designed to calculate 

such that 

F(rt,,,u*) < F&u) 

for all admissible u defined by ( 12.7). A more detailed analysis of this type 
of approach would only be worth tackling if a specific problem were being 
considered. 

Define 

1 independent of ak + I, ak + 2,. . . 9 q,,. 

-,,$-,)= ~~[~(nk-,?u~-,~~~)+ Fk+I(nk~uk)]~ 

(12.8) 
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forms a recurrence relation to solve for 

W. M. GET2 

= minF(ns,u), 

as required with the given initial condition 

(12.9) 

(12.10) 

The problem of solving for (12.9) is complicated by the fact that (12.1), 
(12.2) and (12.8) are coupled and (12.1) and (12.2) are solved forwards in 
time while (12.8) is solved backwards in time. 

Some optimization problems lend themselves readily to a dynamic 
programming approach, when it is possible to obtain a general form for Fk 
in terms of a reproducing function, e.g., the optimization of a general 
stochastic linear system with a quadratic performance criterion [IS]. It is not 
possible to obtain a reproducing form for Fk in the above problem, as I;;, 
contains terms in ai-, and l/u,,,_ i; F,._, contains terms in &, l/~&.~, 

2 
%l-2 n,,,_., and ~&_~cr,,,_,; and Fm_2 will contain even more nonlinear and 
cross product terms. 

There are a number of general texts dealing with dynamic programming 
techniques and related problems [ 14,16,17,18], so that it is not worth while 
deriving further general results ‘for the above problem. 

13. CONCLUSION 

Results that are obtained using a general systems theory approash are 
usually applicable to a varied range of problems. The analysis in this paper 
applies generally to controlling a stochastic population. However a major 
region of application is in resource management. This includes problems 
encountered in the fishing industry, agriculture and wildlife management. 
In particular, in Africa, the control of large herbivorous mammal herds is 
important, as they can destroy their habitat through over-grazing. 

There is definitely a need to use a more scientific approach in handling 
these problems in the future, and mathematics will have an important role 
to play. However, many problems would require a tremendous amount of 
fieldwork and data collection before satisfactory values could be given to 
the various parameters and cost functions of the system. In addition these 
factors may alter as the system is being controlled, and in fact it may be 
necessary to have some form of feedback process linked to the system if the 
desired goals are to be achieved. 
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The contribution of this paper is that it provides a general yet rea- 
sonably realistic stochastic population model together with a control 
strategy which optimizes a generally sensible, closely reasoned performance 
criterion and includes the novel idea of making the initial variance a control 
variable. It is felt that the results provide practically useful strategies for the 
control of certain es of populations. 
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