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7: Population and evolutionary dynamics

of consumer-resource systems

W.M. Getz

Introduction

Consumer-resource systems can be regarded as any system in which a popu-
lation of organisms exploits either an energy flux, a detritus or nutrient pool,
or another population. This definition then includes plants growing in sun-
light, parasites growing in or on hosts, predators exploiting prey, herbivores
grazing or browsing on plants, and even humans harvesting trees, fish or
game. For such a vast array of systems, no single best paradigm exists for
modelling the dynamics of the populations under consideration.

Here I will focus on two paradigms: a discrete-time paradigm that is suit-
able for modelling populations with nonoverlapping generations and a con-
tinuous-time paradigm that is suitable for modelling the flow of biomass
from the resource to the consumer, and its conversion from resource mass
(biomass, nutrients, or energy) into consumer mass. I will also consider the
extension of the discrete-time paradigm to include overlapping generations

, ( age structure) and the application of the models to resource management

problems.
The discrete-time models fall within the class of iterative maps

Xt+l=1fI(Xt)' t=0,1,2... (7.1)

where, for the systems considered here, the elements of the vector XI = (xlI'

X2t' ...,XnJ' ('denotes the transpose of a vector) typically represent the den-
sities of individuals in n biological populations at time t = 0,1,2,3, ...or the

densities of individuals in n classes ( e.g., age or size) of one population at

time t, or even some combination of several populations each with several

classes of individuals. The continuous-time models fall within the class of

vector differential equation systems

dx

dt=l{1(x), (7.2)

where, for the systems considered here, the elements of the vector x(t) =

(xl (t),xzCt), ...,xjt»' typically represent the biomass densities of n interact-

ing biological populations at time

194



CONSUMER-RESOURCESYSTEMS 195

te (0,00).

A number of different. modelling paradigms fall within the ambit of
Equations 7.1 and 7.2. For example, the well-known Lotka- Volterra models
(May, 1981b) are a special case of Equation 7.2, while the discrete logistic
food web models of Berryman et al. (1995) are a special case of Equation 7.1.
Here I will only consider population models conforming to the two

paradigms mentioned above, although in the next section I will discuss
theory used to conduct evolutionary analyses of these models in the
context of general Equations 7.1 and 7.2. This theory, based on the notion of
evolutionarily stable strategies (ESS), is presented in various forms else-
where in this book, but is elaborated here for completeness and in a way that
is most compatible with its application to the types of systems considered
here.
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ESS method of analysis

Natural selection is a dynamical process that continually takes place as long

as heritable variation exists in traits that influence the fitness of individuals

in the same population. A powerful method for analysing the evolution of

such traits, phenotypes, or 'strategies' in ecological settings is through the

applicati<;>n of ESS dynamics, as propounded by Vincent, Brown, Cressman,

Hines, and others (Vincent & Brown 1984; Cressman et al. 1986; Brown &
Vincent 1987; Cressman & Dash 1987; Hines 1987; Vincent & Brown 1988).
In the simplest of terms, an ESS is the strategy or trait that pervades a 'resi-

dent' population and prevents all small populations playing any 'mutant'

strategy or bearing any 'mutant' trait from invading (Maynard Smith 1982).
A computation of the ESS values of parameters describing the dynamics of

biological populations is based on an analysis of competing phenotypes,
especially of their ability to invade and coexist with or exclude one another.

Under a number of assumptions that are not unreasonable for theoretical

investigations ( e.g. weak selection, additive genetic variance; see Taylor
1989), this analysis of competing phenotypes produces results that are

equivalent to those obtained from a genetic model that explicitly considers
that the fate of individual alleles are associated with particular traits.

Two approaches can be taken to finding ESS solutions: the standard inva-

sion approach in which the dynamics of a mutant invading a resident pheno-

type are analysed, and the augmented evolutionary dynamics approach in

which an equation describing the evolution of the trait or strategy is added to

the basic population dynamics model (Vincent 1990; Getz & Kaitala 1993;

Vincent et al. 1993). First, I will present these approaches in the context of

models that fall within the ambit of the discrete iterative map represented by

Equation 7.1. In general, the methods outlined here could apply to a subset
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n -m (n > m) populations or classes (Xm+I' ...,XJ that are evolving within a

background of m populations or classes (xI' ..., Xm): i.e. we have n interact-

ing populations or classes of one or several populations, of which only n -m
are evolving.
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the:Invasion analysis: constant and periodic systems

To keep the presentation and notation simple we will consider a background
population at density XI and a resident population at density y I that is suscep-
tible to invasion by a mutant population at density ZI' i.e. we have a two-
species interaction in which a population at density YI is able to evolve, while
a population at density XI is unable to evolve. The ecological dynamics of this
interaction is modelled by the equations: whc
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Xt+l =F(xt'Yt)Xt

Yt+l =G(Xt'Yt)Yt
(7.3)

To model the evolutionary dynamics, however, we need specifically to
identify the parameters associated with the per-capita growth rate function
G( .) that represent the particular traits or strategies played by the different
phenotypes under consideration. Here we focus on the simple case of a
single strategy e evolving in a population where the effects of density depend
purely on the sum of the densities of the resident and mutant populations
(i.e. on y t + Zt). In this case, Equation 7.3 is extended to

Xt+l =F(xt'Yt +Zt)Xt

Yt+l =G(Xt,Yt +Zt;Ey)Yt (7.4)

Zt+l =G(Xt'Yt +Zt;eZ)Zt

d.x

dl

~
dt
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where G(xt'Yt + Zt;e) is the per-capita growth rate function for a pheno-

type of the evolving population playing a strategy e. Note that a more

general analysis, as proposed by Brown & Vincent (1987), would not
only allow for the possibility of a vector of strategies, but also a coalition
of resident phenotypes resisting invasion of a mutant phenotype. Brown

and Vincent call the function G(.; e) a fitness generating function, because

at different population densities, represented by the variables in the

first part of the argument of G, the fitness (as measured by the per-

capita growth rate for that time step) is generated by the total density of
the evolving population (in our case the density of one resident and one

mutant phenotype) and by the strategy e played by the particular phenotype
in question.

The ability of a phenotype playing strategy ez to invade this system

is determined by the stability properties of the equilibrium solution (x ,)I ,0) 11 (l
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where det ( .) = 0 provides the characteristic equation for determining the

stability properties of the system represented by Equation 7.3. Thus it
follows from stability theory that the equilibrium (x ,y ,0) of the extended

system in Equation 7.4 is locally stable if the equilibrium (x ,y) of the

reduced system in Equations 7.3 is stable and IG(x ,y;eJI < 1. The equilib-

rium (x,y ,0) of the extended system is unstable, however, if IG(x,y;ez)1 > 1. If

we consider the logarithm of IG(x ,y;ez)1 these conditions imply the following

result (see Vincent & Brown 1988, and Vincent et at. 1996 for the same state-

ment in a different context). If a two-species interaction, modelled by Equa-

tions 7.3, is at a stable equilibrium (x*,y*) corresponding to the evolving

species playing a strategy I::* , then I::* is an ESS only if it maximizes

11 (e) =lnK7(x*, y*,e~

where /1(8*) = O,i.e. 8* is an ESS only if /1 (E) ~ O for all possible values of E.

For the continuous-tirne analogy of the system in Equations 7.4 ( cf

Equation 7.2), the model takes the form

dx
=xf(x,y+z)

dl

,

dy

dt=yg(x,y+z;e

dz
=zg(x,y+z;e

-

dt
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In the case where the at tractor is a periodic solution (x*(t),y*(t)) of period T,

the condition for an ESS now applies to the integral

(7.9)
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taking on a maximum of zero.

Invasion analysis: chaotic systems

Discrete maps, such as Equations 7.3, are known to admit chaotic solutions,
especially when the effects of density dependence are severe (May & Oster,

1976; Schoombie & Getz, 1998). Suppose Equation 7.3 is chaotic (i.e. it has a

strange or fractal at tractor rather than a point or multiple point at tractor)

when the resident phenotype is playing I:;* and suppose the initial values

(xo,Yo) are arbitrarily close to the at tractor. Then the ensuing solution,i.e, the

sequence of specific points (xi,yi), t == 1,2,3, ..0, can be used to calculate the

sequence of values G(xi,yi,f:) which represent that rate at which an arbit-

rarily small mutant population would invade the resident pupulation at each

point t in time, where f: is the strategy played by the mutant population. The

quantity
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(7.10)

is the logarithm of the geometric mean of the growth rates of an infinites-

imally small mutant population trying to invade a resident population at

each point in time. This limit may not always exist; but when it does the con-

dition (lnIG(x*,y*,I::*)I) ~ O for E * 1::* now generalizes to (Ferriere & Gat to

1993; Rand etal. 1994).

I~(e)$O (7.11)

where I~(e) is defined by Expression 7.10. Conversely, the mutant playing

the strategy t will be able to invade the resident population playing the strat-

egye* whenever I~( t) exists and satisfies the inequality

I~(£»O (7.12)

The quantity I~( t) is called the invasion or Lyapunov exponent of the system

( e.g. see Metz et at. 1992), and its sign for all t ~ e* determines whether or not

e* is an ESS.
The continuous-time equivalent of the invasion exponent I~(e) can also

be considered to obtain necessary and/or sufficient conditions for e to be an

ESS using measure-theoretic arguments (Rand et at. 1994; Ferriere & Gat to

1995). These details will not be elaborated here.
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Parameter evolution

A second approach to analysing the evolutionary fate of a strategy Et't = 0,1,

2, ..., is to augment the ecological model in Equation 7.1 with an equation

that describes the dynamics of the strategy trajectory Et' t = 1,2,3, In the

context of the population model, in Equations 7.13, the standard augmenta-

tion (Vincent 1990; Getz & Kaitala 1993; Vincent et al. 1993) yields the

system
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Yt+l
(7.13)

Et+l

=G(xt,Yt;ey)yt

=Et +O"l-1e[lnIGCxt,Ytt:t)!J
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This augmentation of Equations 7.3 is an expression of Fisher's fundamental

theorem of natural selection, if urhas the interpretation of variance for the
trait et in the population (Rough garden 1983), because InIG(xt'Yt'eJI is a

measure of the net reproductive fitness of the population at time t when the
state of the system is (xt,YJ and all individuals are playing strategy er Note,

that at an equilibrium (i,.9,z) of the system in Equations 7.13, we must

have d/de[lnIG(i,.9,f.)I] = 0 given O"T~ 0 for at least some t E [ 't",oo] and all 't"~o.

If, in addition, d2/d2e[1nIG(i,.9,f.)I] = 0 , then G(i,.9,e) is a maximum at f, so
that f = e* (i.e. it is an ESS) if this maximum is global. Hence, stable equilib-

ria of the system in Equations 7.13 provide candidate ESS solutions that

can be analysed further to check for global maximization of G(i,.9,e) at

e=f.

If the system in Equations 7.3 has a chaotic solution for a particular

value of e, ihen the system in Equations 7.13 has no equilibrium solution

either. In this case the fluctuations in et depend on the value of O"T. In general,

et C11n still be forced to some equilibrium value provided O"T ~ 0 as t ~ 00.

In this case, the equilibrium value f. may still be an ESS for the chaotic

system if I~( e) has a maximum at e = f. and I~( f) = 0. Possible choices for O"T
as a function of time are O"T= ae-bt or O"T= a/(b + t) (Schoombie & Getz

1998).
Of course, the augmented ecological model in Equations 7.13 can

be extended through the use of apropriate notation to n -m populations

evolving within a background of m populations, where the strategy

played by the n -m evolving populations is represented by a vector e of

parameters.
The analysis can also be extended in the obvious way to continuous-

time models of the type in Equation 7.2. In this case Equations 7.13 have the

form
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(For a discussion of trait evolution in continuous time models also see Taper
& Case 1992; Abrams et al. 1993; Matsuda & Abrams 1994.) As in the dis-
crete case, this model can be applied even if the solution to Equation 7.14
does not approach a stable equilibrium. In particular, for a periodic at tractor
(i.(t),.9(t», of period T, candidate ESS solutions can be obtained by solving
the equation f~a/aeg(x(t),y(t),e)dt = O for e.
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Populations on a fixed resource

The simplest of all situations to model is a population with discrete
nonoverlapping generations in which the density of individuals y t+1 in gener-
ation t + 1 is determined in terms of yt the density of individuals in genera-
tion t, .and Xt the density of resources available to the population in
generation t.

If the resources per unit consumer, i.e. resources per capita x/yt' are
sufficiently high in generation t so that, as a function of resource density xt'
each individual realizes its maximum fecundity b, and its maximum survival
rate s (from birth to reproductive maturity), then the growth of the popula-
tion from one generation to the next is given by Yt+1 = sbyr On the other
hand, if the resources per capita x/y t are close enough to zero in generation t
so that either all individuals fail to survive from birth to reproductive matu-
rity or a few do manage to survive but are in too poor a condition to repro-
duce, then the density of individuals in generation t + 1 will be zero.
For intermediate levels of resources per capita, we expect the maximum
growth rate to be modified by a decreasing function e(x/yJ, so that our
model takes the form:

(7.15)Yt+l =sb8(xt/Yt)Yt

Evolu
A number of forms have been proposed for () in the context of constant

background resource levels XI = xfor all t: e.g. O(x/y) = (x/y)/(c + x/y) = x/(cy

+ x) is the so-called Beverton and Holt model and O(x/y) = e-cylx is the so-
Adet;

intere:
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called Ricker model. The two parameter model that provides that best fit
to real insect population data (Bellows 1981), however, has the sigmoidal
form

)
-(xly)Y

cY +(xi y)Y

O(x/ y)=
(7.16)

:r

'-

4

>r

19

Further, unlike the Ricker and Beverton and Bolt models (Gat to 1993; Getz
1996), this sigmoidal form has the property that as long as r> 1, the onset of

density dependence at low values of y t relative to x is gradual (i.e. its slope at
the origin is zero; see Getz 1996).

Defining r to be the maxim'um per generational rate of increase ( or
maximum reproductive value of each female, i.e. putting r = sb, Equations
7.15 and 7.16 can be combined and terms rearranged to obtain

'Yt r?:l

-r

Yt+l-1+(cyt/X)
(7.17)

te

:r-

a-

in

The dynamics of this system depend solely on the values of r and y since the
units ofx can always be selected so that c/x = 1.

The ecological and evolutionary dynamics of systems modelled by Equa-
tion 7.17 have been explored in considerable detail (Getz & Kaitala 1989;
Doebeli 1995; Getz 1996; Schoombie & Getz 1998; for analysis of similar
systems see Hansen 1992; Gat to 1993). The form of the density dependence
in the model in Equation 7.17 is controlled by the parameter r which is
a density abruptness response parameter, because for increasing y; the
onset of the density-dependent response gets increasingly close to the
density c/~ and increasingly abrupt in the neighbourhood of density c/x
(Fig. 7.1). In fact, one can think of interspecific competition becoming
more interference or 'contest-like' as y~ 1 from above, and more exploita-
tive or 'scramble-like' as y~ 00 (also see Hassell 1978). Using standard

stability analysis (Luenberger 1979; Lichtenberg & Liebermann 1991),
it is easily shown that oscillatory solutions arise whenever r is sufficiently
large to satisfy the inequality r > y/( y -2). Note we need to assume that r > 1
for the population to grow at even the lowest densities. Further, r/(y -2) ~
1 as r approaches infinity. As r is increased beyond the point where
oscillations set in (Getz 1996), the system rapidly goes through the standard
period doubling route to chaos (May & Oster 1976; Lichtenberg & Lieber-
mann 1991).
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A detailed ESS analysis of the model in Equation 7.17 reveals a number of

interesting results (Getz 1996; Schoombie & Getz 1998). First, if we consider
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Fig.7.1 The density-dependent sigmoidal response expressed in Equation 7.15is plotted here

as a family of curves that portray increasing levels of scramble-like competition as the

parameter r increases from 1 to 50.
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the ESS value of the abruptness constant r for different fixed values of r ,
then it turns out that the boundary value r= 1 is an ESS whenever r > 2 but
that .r assumes some relatively abrupt value whenever r < 2. For example,
when r = 1.5, r* = 9.58, while r*~ 4 as r~2. This result has an interesting
biological interpretation in the context of populations exploiting distributed
patches of resources, where females lay eggs or larvaposit their young on
these resource patches, and the developing young are not mobile enough to
easily move from one patch to anothe~r. In particular, it suggests the follow-

ing hypothesis (Getz 1996):
In synchronous semelparous populations, competition among young
for resources should be more contest-like if the population has the
potential at low densities to more than double in each generation
and scramble-like if the population does not have this growth
potential. Further, contest-like competition may be avoided in
slower growing populations by females investing the effort to over-
disperse their eggs or young among available resources.

A related result was obtained by Hansen (1992), using a slightly different
approach. From his analysis he concluded that stable equilibria (i.e. low y)
are favoured by selection at high population densities while oscillatory
dynamics is favoured at low population densities. These results were taken a
step further by considering the density-dependent or state-dependent strat-
egy r(y ) = roY + rl. A strategy of this type assumes the behaviour or physi-
ology of individuals is adjusted in each generation in respopse to the density

~
Y~1"
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of the population in that generation. This assumption is not unreasonable
(Yashuda 1990; Guisande 1993; Gage 1995; also see Kaitala et al. 1997). In
this case, it is no longer the evolution of y itself that is investigated, but the
evolution of the parameters Yo and Yl in the expanded model

ry
(7.18)Yt+l

+(CYt/x)roYt+YI

-y=1

-y=2

-y=3

-, y=5

2K

j here

An ESS analysis of the parameters Yo and Yl demonstrates that if r > 2, the
system evolves towards an equilibrium value for y* -7 (r -1) and values of yo
and Yl that ensured y* -7 (r -1). In the 91°re interesting case of 1 < r < 2, the
ESS solution produces oscillating dynamics, very often cycles of period 2, but
some times more complex oscillations. These oscillations are generally
smaller than those produced by non-ESS values for yo and Yl. Further, the
ESS value y6 is generally as negative as it can be without leading to a viola-
tion of the constraint Yi = y(y J ~ 1 for all t. In the case r = 1.5, for example, yi

oscillates between a value of 1 when Yi is at its lowest density and a little less
than 7 when Yi is at its highest density. This results suggests the additional

hypothesis:
In synchronous semelparous populations where females are able to
adjust the way they distribute their young on patchily distributed
resources in response to the density of the population, these females
should invest effort when the population density is high to over-
disperse their eggs or young among the patches only if the maximum
growth rate of the population is less than 100% per generation.
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Evolutionary trade-off

Most populations are not free to evolve one trait at a time. The evolution

of traits are typically linked through epigenetic and pleiotropic effects

(Hoffman & Parsons 1991). Further, trade-offs in the evolution of traits

might be expected since physiological resources are limited when it comes to

improving fitness through any particular trait. Individuals that evolve to

reduce the onset of density dependence through mechanisms that allow

them to disperse and search out new resources are likely to have reduced

fecundity or survivorship (the latter through increased exposure to preda-

tion). One way to analyse this in the context of Equation 7.17 is to make both

the abruptness parameter rand growth rate parameter rfunctions of'invest-

ment' in the parameter E. We can assume, for example, that as investment in

some component .u increases ( e.g. improvements in locomotion or some

sensory system), the ability of individuals to realize a more abrupt level of

density dependence increases linearly with .u, i.e. r= 1 + E, and the growth

rate of the population decreases from a maximum level r o to 0. One expres-

sion that has the desired properties is
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19) Effects of harvesting
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The natural mortality factor s that determines the growth rate parameter r =
sb in the model in Equation 7.17 must be modified to include the effects of
human-induced mortality when it occurs. Specifically, if a constant propor-
tionp of individuals in each generation are removed then the value of r must
be reduced to r= (l-p)sb in Equation 7.17 orro= (1- p)sb in the trade-off
situation associated with Equation 7.19. Further, we might expect popula-
tions to evolve in response to this human-induc~d mortality.

In applying discrete population density-dependent models to investigate
such questions, it is important to pay attention to the timing of events. For
example, if the proportion p t of the individuals that survive to maturity are
harvested from a population modelled by Equation 7.15 then the dynamics

Yt+l =(1- pt)sb(J(xt/ Yt)Yt
(7.20)

and the actual number ht of harvested individuals is

hl=PlsbfJ<xl/yl)yl (7.21)

On the other hand, if the individuals are removed soon after birth, as may

happen to the immature stage of anadromous fish diverted into irri~ation

channels as they make their way downstream to the sea, then the dynamics
can be modelled by the equation

YI+l =<l-PI)SbfJ « l-XI ) ) YI (7.22)

PI YI

and the actual number ht of harvested individuals is

-1
s

dary

&

vith

ined

)d

citly

ht=ptYt (7.23)

Finally, if individuals are not removed at a particular point in time -

specifically after and before natural mortality has happened, as modelled by

Equations 7.20 and 7.22 respectively-but are removed continuously over
an interval of time, then one needs to decide what the best value of the

exploited population might be to calculate the effects of density. This
problem, of course, is moot if harvesting is not applied during the period
when the effects of density dependence are most prominent as is the case for

the class of age-structured models considered below.

In the context of Equations 7.20 and 7.22, the effect of removing a con-

stant proportion of individuals in each generation is to reduce the value of
r = (1 -P )sb in Equation 7.17 ( or r o = (1 -P )sb in the trade-off situation

associated with Equation 7 .19). If r ( or r 0) exceeds 2 prior to harvesting, and

r has evolved to its ESS value of 1, then by reducing r ( or r 0) to a value less

than 2 through harvesting we might expect r to begin to evolve towards its
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new 'abrupt' ESS value, provided that sufficient variation and plasticity
existed in the population to enable the parameter r to evolve. In this case,
harvesting would have the effect of destabilizing the population from its

equilibrium state to an oscillating periodic or chaotic state.

Trophic interactions w

tb

se

A

The extension of Equation 7.17 to a situation where x is a biological resource
that is itself a population growing off some other resource w depends on
whether the trophic interaction is due to predation or parasitism, and
whether the parasitism itself is due to a parasitoid, a macroparasite
(helminths, nematodes, etc. ) or a pathogen (fungal, bacterial, or viral). The
dynamics of the density y t of predators or macroparasites, for example, might
be usefully described by the equation (Kaitala et al. 1997)
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ryY1 (7.24)Yt+l = -r ~1

y1+ (cYYt/Xt)r,

where Xt is the density of their prey or hosts at time 'and r y' Cy' and Yy are the

predator or macroparasite specific parameters. Similarly, the density or

dynamics of the prey ( or host) population Xt might be usefully described by

the equation

(7.25)bxsx<Yt/xJyt
r ~1

-r x
-l+<cxxt/W) x

Xi+l

where w is a constant background resource for the prey or host, and b x' cx'
and rx are the prey specific parameters. In the host or prey equation,
however, we need to account for the effects of the parasite or predator by
assuming that the survival rate of the prey is a decreasing function of the

ratio (y/xJ.
Kaitala et a[. (1997) recently considered a macroparasite-host problem

where host individuals at an early developmental stage activated a switch
with probability e that lead to the development of an immune system: that is,
a proportion of individuals e in the population were immune to the
macroparasites in question, while a proportion (1 -e) were susceptible to
these macroparasites. Further they assumed that immunity was perfect in
the sense that all the parasites attacking the host died without any ill effects
on the host other than a fixed cost d to the reproductive rate of immune
hosts, irrespective of whether or not the hosts were attacked by one or more
parasites. Under these assumptions and the assumptions that in each genera-
tion the macroparasites attack infest all individuals at the same (uniform)
rate that is directly proportional to the number of parasites per host (y/xJ,
the parasite and host equations take the form ( cf. Equations 7.24 & 7.25)

A

O

e)
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d(

re

cl

d(
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bxsx((l-£)e-abyY,/x, +£(l-d))y,

X'+l =-t-

.+(CxXt/w)rX

(7.26)
Yt+l =-1- bysyYt

l+(cyyt/Xt)r,

t
,

where a can be interpreted as the virulence of the microparasites: a measures

the proportional rate of reduction of host survivorship as a function of the

severity of the infection (i.e. of the number of macroparasites per host).

Alternatively, the parameter could represent reductions in the fecundity of
hosts in cases where fecundity is known to decrease with the severity of the

infection (Anderson & May 1978; May & Anderson 1978; Roberts et al.

1995).
In an ESS analysis of the host-macroparasite model (Equation 7.26),

Kaitala et al. (1997), considered parasite fecundity by and the propensity E of

the host to develop immunity ( or the proportion of hosts expressing im-

munity) as evolvable strategies. Their analysis indicated that the parasite

fecundity parameter, by, should evolve towards its maximum possible value,
even though at high parasite fecundity levels, the size of the parasite

population may be lower than levels obtained at more moderate fecundity
values. The reason for this is that at high parasite fecundity values the sus-

ceptible individuals experience high mortality rates leading to few re-
sources for the parasite population to successfully exploit. In addition,

Kaitala et al. (1997) were able to show that host population should be

polymorphic in the proportion of hosts expressing immunity: that is, typi-

cally this proportion should not evolve to O or 1. They also obtained the

expected result that the stability of the host-macroparasite interaction
is strongly influenced by the values of density-dependent abruptness

parameters rx and Yy with equilibrium dynamics being more likely for low
than high values of these parameters. Finally, the results obtained by

Kaitala et al. (1997) suggest that the ESS proportion of hosts expressing

immunity is lower when the dynamics of the host-macroparasite is chaotic
than stable.

Age-structured populations

One class of discrete age-structured population models, which has had

extensive application in fisheries management (Getz & Haight 1989),

assumes that the density of births is proportional to a weighted sum of the

density of females of different ages (the weighting factor is a measure of

relative fecundity as a function of age ), the mortality rate of the youngest age

class is density-dependent, while mortality rates of the older age classes are

density-independent. If no individuals survive beyond age n, then this model
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takes that form (Bergh & Getz 1988; Getz & Haight 1989; Kaitala & Getz

1995)
0.6 V=O.O

(7.27) 0
0.6

where y t is the number of young produced at time t and

0
0.6 v=1.0

(7.28)

0
0.6 v=1.5

0
0.6
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is the 'breeding density' of the population at time t (see Gat to 1993
for a simpler approach to modelling iteroparous fish stocks). The para-
meters Cj are themselves constructed from fecundity and survivorship
parameters, hi and Si respectively, where hi is .the average number of fe-
males born to a female of age i, Si is the probability of surviving from age
i to age i + 1, and hence ti = n~ Sj is the density-independent probability
of surveying from birth to age i. As in Equation 7.15, the function 8(.)
is a density-dependent correction to survivorship that increases from a
value of O to 1 as the resources per unit breeding density increases from O

to 00.
More specifically, if a proportion p i of individuals is removed from the ith

age class in each time period (in a fisheries model this proportion may
be realized by applying a fishing effort v subject to an age-dependent
catchability coefficient q i to obtain p i = e-qr) then the coefficients ci are given

by the expression

c. =lb.e-(L;~~qJvI I I (7.29)

As a consequence of the fact that breeding populations consist of
individuals born at different times, the time-delays that arise in age-
structured models, such as Equations 7.27 and 7.28, are known to destabilize
populations (May 1981a). Harvesting, on the other hand leads to a pro-
portionately greater reduction in the importance of the older age classes
(see Expression 7.29), and hence to a de-emphasis of the longer time delay
models such as Equations 7.27-7.29. Thus, in nonevolving systems, we
might expect harvesting to lead to a stabilization of the dynamics of popula-
tions, although excessive levels of harvesting will ultimately cause a popula-
tion to crash (Fig. 7.3). In evolving systems, however, harvesting or other
anthropogenic sources of mortality tend to reduce r so that the growth rate
of naturally fast growing populations (r > 2) is sufficiently reduced to the
point r < 2 where the evolution of abrupt density dependence is facilitated
and the equilibrium dynamics of the natural system disrupted to become

oscillatory.
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Continuous population models

Consumer-resource stacks

Individuals in a trophic stack extract resources from the trophic level below
and are extracted by individuals in the trophic level above. At the lowest

trophic level, the resources are abiotic (light, nutrients, etc. ), but organisms
at all other levels except the top level are simultaneously both consumers of
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resources below and resource for the consumers above. Let q>(xi-l'XJ repre-

sent the per-capita (or per unit biomass) rate at which consumers at density

Xi extract resources at density Xi-l. Let Xo represent the density of the abiotic

resources at the lowest trophic level, and let Xn represent the density of the

'top predator'.
At the most fundamental level, the only other process we need to con-

sider is the process 1;( t/>J whereby consumers at the ith trophic level convert

the mass (or energy) t/>i extracted at the (i -l)th trophic level into their own

biomass. In this case, if 1;( t/>J is interpreted as the per-capita ( or per unit

biomass) conversion rate, the model takes the form (Getz 1991,1993,1994)

dx.

dtl=XiJ;(t/Ji)-Xi+lt/Ji+]
.,n (7.30)

r is
,

.27

~pt

11 i

L (;4

all

ers
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where I/>n+l = O (since Xn+l does not exist) and the basal resource variablexo at

the lowest trophic level is either a constant input (underlying resource flux)

or satisfies an appropriate abiotic resource pool or detritus production equa-

tion (Getz 1994). Note that this forD!ulation allows for the possibility that

extraction from the top trophic level is due to harvesting or other anthro-

pogenic sources, where f n represents the process of turning the extracted
biomass into a forD! useful to humans (e.g. filleted and gutted fish) and the

variable Xn represents the accumulated processed yield.

The case where the extraction rate I/>AXj-l'xJ is simply proportional to the
resource density,i.e.l/>j(xj-l'Xj) = bXj-l for all i, and conversion is a linear func-

tion of extraction, i.e h( I/>j) = ajl/>j -Cj where Cj can be interpreted as a rate of

decline in the absence of resources that is overcome in a linear fashion with

the density of extracted resources, yields the standard Lotka- Volterra

expression (Getz 1994; Hastings 1995) for the ith trophic level:
nit

.(v)

t of

and

to a

this

the

1ery

dx.

dt=ajb.X.Xi-l-C.Xj+bj+1X.X (7.31)
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The problem with this approach is that it does not include satiation or inter-

ference competition in the extraction functions I/>i. Further, the assumption

of a constant decline rate in the absence of resources implies that the popula-

tion is able to draw at a constant rate upon its own internal resources in the

absence of external resources. This allows the population to decline

exponentially in the absence of resources, an unrealistic situation for most

populations.
Other approaches to modelling multitrophic interactions can be, and

have been, taken. They include the metabolic pool approach of Gutierrez

(Gutierrez et at. 1984; Gutierrez 1992; Gutierrez et at. 1994), and the general-

ized functional response approach ofArditi & Michalski (1995).

We can focus on a pure consumer-resource interaction at the lowest

trophic level (i.e. an autotroph growing on a resource flux) by setting v = xo'
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x = Xl'X2 = 0. Consider the case where v = v(t) is a time dependent input flux,

and the extraction rate lfJ(v,x) has the following form, which includes both

the notion of satiation at a maximum extraction rate O > 0 as well as a notion

of interference competition through a self-interference parameter a > 0

(Beddington et al. 1975; DeAngelis et al. 1975; Getz 1991,1993,1994; Arditi

& Akc;akaya 1990; Szathmary 1991; Arditi & Michalski 1995),

lli~( ii
!

v tc

tha

pol

res

$cl

rat.
c5v

T'T' {3 (7.32) +v+ax

where {3 ~ ° is the half-saturation parameter. When self-interference is zero,
i.e. a = 0, then Expression 7.32 is the so-called Rolling disc equatioB (Rolling

1959; Emlen 1984; Yodzis 1989). On the other hand, when {3 = ° then Expres-

sion 7.32 represents pure ratio-dependent extraction with saturation (Getz

1984; Arditi & Ginsburg 1989; Ginsburg & Akakaya 1992; Arditi & Michal-

ski 1995).

(/)(vx)=

Extraction of resources

Expression 7.32 can be rederived in a more general form that provides
clearer biological interpretation of the parameters involved, and the
assumptions implicit in Expression 7.32 can be clarified. The resource
density in Expression 7.31 is represented by a single 'lumped' variable that
may be time dependent if we regard v = v(t). Almost all resources, however,
have spatial and temporal structures on scales that impact the ability of indi-
viduals to meet physiological demands for food. In developing a new expres-
sion to replace Expression 7.32, two temporal and two spatial scales will be
considered: one that pertains to individuals, and one that pertains to popula-
tion averages.

At a local or individual scale relating to the extraction of food over
one cycle of activity-for example, a foraging bout or a daily scale-two
extremes exist in terms of how individuals perceive a homogeneous
resource: either the resource is perceived as a flux (or, equivalently, a non-
depletable pool) or a nonrenewable pool that may be entirely co~sumed if
the individual is sufficiently hungry. In the case of a flux, we assume the
extraction rate is purely resource density dependent (Arditi & SaIah 1992).
In the case of periodically replenished pool that is completely consumed by
all individuals present, we assume that each individual obtains an equal
share; that is, the rate is purely ratio dependent. Thus, assuming that resource
levels are sufficiently low so that satiation does not occur, the average extrac-
tion rate over population time scales for pure density-dependent extraction
is I/J(v,x) = 131v, where !31 is an extraction efficiency parameter, and for pure
ratio dependent it is if>(v,x) = !3a:1:/v, where 130 is the amount of resource
extracted per individual per unit time. Note that we do not assume that v is

sln(
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necessarily constant. To the contrary, over population time scales we expect
v to depend on time t. It is only at local scales for the ratio-dependent case

that we think of resources occurring in pulses (replenishable packages). At

population scales, where only longer term averages are important, local
resource pulses translate into a smoothed function v(t) of time (cf. Getz &

Schreiber,in press). If satiation does occur, and ois the maximum extraction
rate for each individual, then the two extremes are:

Spatially homogeneous pure resource dependence

l/>(V,X)=
{ {31V

o

TO
,

ing

'es-

etz

lal-

for O<!31v<o

otherwise,

Spatially homogeneous pure ratio dependence

</>(V,X)={{Jov/x for O<{Jov/x<15

15 otherwise

Now suppose the resource is no longer locally homogeneous but patchy

instead and that the distribution of the resource in each local patch is given
by a probability density function n( l];ii,0"), where ii is the mean resource

density, dl the variance across patches, and 1] is a measure of the density of v.

Then, in the case of pure resource-dependent extraction, the mean extrac-
tion rate for the population is ( cf. Expression 7.33):
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For v < &111 this is more illuminatingly written as

f/J(ii,x)=AI-1JJr(1J;Vp)d1J- 1-1 CA1J-8)Jr(1J;Vp)d1J o 6 PI

<Ailover

-two

eous

non-

Led if

~ the

992).

I~dby

~qual

)urce

ctrac-

lction

.pure

ource

at V is

since,bydefinition,f; n(l];V;a)dl]= 1 and (0- {311]) > Ofor 1] < 01{31'
Because equality is implied in Expressions 7.35 and 7.37 when

a= O (1( l];i7,a) = O for 1] ~ V), it follows that local heterogeneity in the distrib-

ution of the resource reduces the average rate of intake of the population

compared with the corresponding rate for homogeneously distributed
resources. Further, from Expression 7,37, 1/>(i7,x) ~ oas i7 ~ 00 provided the

coefficient of variation remains bounded. Thus the effect of the heterOgen-
eity is not to depress the ultimate consumption rate as a function of the

since, by definition,f;17Jr(17;'ii",0")d17= 'ii" and (!3117- 8) > O for 17 > &!31. On the

other hand, for 'ii"> &!31 Expression 7.35 is more illuminatingly written as
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average resource density ii, but to cut away the corner that occurs in Expres-

sion 7.33 at the point V= &fJl (Fig. 7.4). The exact form of the expression

Ij)(V,x) will depend not only on the variance a which will change with mean

density V, but also on the distribution f(1J;V,a) which may also take on differ-

ent forms at different resource densities v: The simplest approach to includ-

ing the effects of a spatially heterogeneous distribution of resources with

respect to the distribution of individuals is to fit a one-spatial-paramet~r or,

if necessary, a two-spatial-parameter family of curves to data on the average

per-capita extraction rates in a population for the different densities of the

resource. One such I-spatial-parameter family is the following:
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where y> 0 is a measure of the degree of spatial heterogeneity of the under-

lying resource level with respect to the distribution of individuals. Equation

7.33 is the special case of Equation 7.38 when y ~ 00. For finite y > 0, the

'sharpness of the comer' is determined by the size of')': Note that the case

y= 1 yields Rolling's 'disc' equation (Rolling 1959; Emlen 1984), although

the parameters here enter in a different way so that altering the value of O

does not affect the slope of the function at the lowest densities. The tradi-
tional representation of the disc equation (Expression 7.32) with y = 1 does

not have this property. Thus, irrespective of the value of y in Expression 7.38,

y=10
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Fig.7.4 A Holling type lor 'spatially homogeneous pure resource dependent' functional

response (i.e. Expression 7.33) has a corner that is smoothed out by spatial heterogeneity in
the distribution of the resource with respect to the distribution of the consumers. The

parameter rin Expression 7.38 controls the degree of smoothing or depression of the corner
in the type I response. Expression 7.33 approaches a type I response as r-t 00.
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if /31 V » 8 then /31 V dominates the denominator in this expression so that
l/J( v ,x ) ~ 8 and when 8 » /31 v then 8 dominates the denominator in this

e~pression so that I/>( v ,x) ~ /31 v. Also, note from Expression 7.38 that I/>( v ,x)

has the same form as the extraction function used to model herbivore

grazing systems for which two stable and two unstable equilibria exist
(Thornley & Johnson 1990, Section 6.3).

Applying similar arguments the spatially homogeneous pure ratio-

dependent extraction function, Equation 7.34, can be generalized to
obtain:

(7.39)
7.38)
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7.38,

Equation 7.34 is now the special case r~ 00 of Expression 7.39. The case r =
1 yields the ratio-dependent form proposed elsewhere (Getz 1984; Arditi &

Ginzburg 1989). Note, irrespective of the value of ~ if /3ov » & then /3ov
dominates the denominator in Equation 7.39 so that l/J( v ,x) z « and when &
» /3ov then & dominates the denominator in Expression 7.39 so that l/J(v,x)
z /3ov/x. .

Note that some ecologists regard the parameter /31 in the Rolling type II
function l/J(v,x) = Ov/(/31 + v) (cf. Equation 7.32 with a= 0) as a shape para-

meter that determines the density of the resource at which the extraction is

0/2 (i.e. it is referred to as the 'half-saturation' parameter; see Yodzis 1989).

The problem with this interpretation is that /31 also determines the slope of

the extraction function l/J(v,x) at low resource densities and is thus also an

extraction 'efficiency' parameter. One way to decouple these interpreta-

tions, as is done in deriving Equation 7.37, is to introduce r as the shape para-

meter and leave {31 as the efficiency parameter that determines the slope of

the response at low resource densities, irrespective of the value of r: i.e.

extraction rates at relatively low resource densities are determined purely
by the extraction efficiency of the consumer, rather than any factors relating

to the distribution of the resource itself. If this is not a reasonable assump-

tion, then a different family of curves than Expressions 7.38 or 7.39 should be
used to model the functional response.

From an empirical standpoint,f31 and D in Equation 7.38 should be esti-

mated by evaluating extraction rates respectively under entirely limiting (all

individuals are limited) and entirely nonlimiting (no individuals are limited)

conditions. The parameter r is then estimated by evaluating how much the
comer has been dep!essed at the resource level v = 0/ /31. A quick calculation

indicates that the value of Expression 7.38 at v = 0//31 is l/J( v ,x ) = 0/21/r. In this

way we estimate {31' r and D independently of one another. The resulting

al

ity in
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function can then be fitted to a set of data that estimates extraction

rates over a range of values for the resource density v and verified for good-

ness of fit (which is legitimate since all the function parameters are estimated

independently rather than being simultaneously fitted to the same set of

data).
Finally, the parameters a and /3 in Equation 7.32 have been interpreted

also in terms of the search efficiency of consumers and the time that it takes

the consumer to handle a resource item relative to the total time available

for searching for resources (Hassell 1978; Emlen 1984) .If each resource item

is relatively tiny, however, then handling time does not explain the fact that

type II response curves have been observed to occur in practice for many

classes of consumers (see Emlen 1984).

I/>(v,

whe

A general expression for extraction

Not

derJ.'

the

resc

con:

7.39

<f>(v,

The

f/J(v,

are

ma~

effi(

resc

resc

mat

resu

ain

mer

Exp

whit

in I

Most real resource-limiting situations fall between the two ideals of pure
resource dependence and pure ratio extraction, respectively represented by
Expressions 7.38 and 7.39. First, the individuals extracting resources from
the flux will, to some extent, either shade one another, or locally deplete a
flux so that individuals in groups experience, on average, lower levels of the
resource than isolated individuals. Second, individuals foraging for hidden
resources, such as in the deer-mouse/sawfly-cocoon system studied by

Rolling (1959), may interfere with each other through aggressive interac-
tions or avoidance behaviour. These examples imply that pure resource

dependence should be modified to include a component of population
density dependence. On the other hand, pure ratio-dependent extraction
assumes that the extraction rate of resources is independent of resource
density per se, and only dependent on how much resource is available per
consumer. If individuals are required to actively forage or search for
resources, then clearly resource density in its own right becomes a limiting
factor when the densities are sufficiently low so that individuals cannot
achieve the maximum rate of consumption because of time spent searching
for resources.

At high resource-per-capita (consumer) concentrations, where extrac-
tion is limited by the capacity of individuals rather than competition for

resources, the per-capita extraction rate will be 8. At resource-per-capita
densities that are low enough to prevent many individuals from having
access to sufficient resources to satiate, we may expect resource extraction
to be some mix between pure resource and pure ratio dependence. Thus
a general expression for resource extraction should be some appropriate

interpolation of the pure resource and pure ratio-dependent Expressions
7.38 and 7.39. A linear interpolation has the drawback that no matter
how large the population density x is, each individual will always have a
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fixed proportion of the resource exclusively available for exploitation.
For many resources, however, it may be more reasonable to assume that
when x is particularly large, the extraction rate becomes more ratio
than pure resource dependent, in which case the following interpolation is

appropriate:
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Note that the inequality x > C(v) assumes that 0:5 a < 1. Pure ratio depen-
dence corresponds to a = O and pure resource dependence corresponds to

the limit as a ~ 1. If we now account for spatial heterogeneity of the

resource and/or variation in extraction efficiency or satiation rates among

consumers, then this function can be generalized to ( cf. Expressions 7.38 and

7.39):
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(7.42)

The special case r = 1 of Expression 7.42 has the form

This is the same functional form as Expression 7.32, although the parameters

are rearranged and are biologically more appealing. In particular, <5 is the

maximum extraction rate in both, while {31 in Equation 7.43 is the extraction

efficiency parameter that is estimated by measuring extraction rates at low

resource densities. Contrast this with {3 in Equation 7.32, which is the

resource level at which the extraction rate is &2, and thus cannot be esti-

mated directly. (In general, {3 must be interpolated from resource values that

result in extraction rates both less than and greater than &2. ) Estimation of

a in the application of Equations 7.32 or 7.43 to real data requires measure-
ment of resource extraction rates over a range of population densities. In

Expression 7.43, however, a has the interpretation of the relative degree to

which extraction is limited purely by search rates versus competition, while

in Expression 7.32 a has the more nebulous interpretation of somehow
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reflecting competition (but it is not clear how a > O should be bounded or

what it means to allow a to be unbounded). Finally, estimation of /30 is less

direct than /31' but it can be obtained from estimates of the carrying capacity

of the environment once the other three parameters are known (as illus-
trated in the next section, where it is shown for the case y = 1 that the carry-

ing capacity is directly proportional to the value of /30).
dx

dl =,:,

where
Exponential and logistic growth revisited

Consider the special case of Equation 7.31 in which a population at density x

exploits a constant resource v: rs = p(

dx

dl =xf(l/J(v,x)) (7.44) Or

then it

If the conversion function I(.) is linear, we obtain a Lotka-Volterra-type

consumer equation, as already mentioned above. Another approach is to

assume that in the absence of resources, all individuals immediately die, at

least to a reasonable approximation within the time-scales of interest. The

simplest appropriate function with this property (Getz 1991,1993,1994) is
the hyperbolic function

dx

dt

This is

r~(v)=

(7.45)
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where p is a growth rate parameter and .11 is a metabolic break-even point:

when <I> > .11 the population will grow and when <I> < .11 the population will

decline. Small amounts of internal storage of resources can be modelled by

incorporating a time delay 'Z'so thatf= f«1>(v,x(t -'Z'»; or one could explicitly
model the storage process, as discussed later in this chapter.

A more general expression for the function I( <I» can be derived from Con-

siderations of the underlying processes of conversion of ingested resources,
basal metabolism, and mortality from senescence and stress induced by sub-

optimal intake of resources (Getz & Owen-Smith, in press). In this case, the
hyperbolic function in Equation 7.45 generalizes to I( <I» = ( Cg<1> -Cm -c)<1»,

where Cg' Cm and Cs are positive constants and I( <I» ~ Cg<1> -Cm as <I> ~ 0.

Below, however, we will only consider the model arising from Expression
7.45.

If we now substitute Equation 7.42 into Equation 7.45, Equation 7.43

yields the model

~= PX [ l- .u(({31 (l-a)x+a{3o)b)r +({30{31 V)r)l/~

dt

dx

(7.46)°POPIV
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The parameter r complicates the analysis of this model, but the two extreme
cases r = 1 and r ~ 00 are easily analysed.

For the case r ~ 00 (i.e. Expression 7.40 applies) and the resource density

v is large enough to ensure that tp(v,x) = D(i.e. C(v) ~ x; see Equation 7.41),it

follows from Equations 7.44 and 7.45 that

dx

~=rsx
x<C(v) (7.47)

where

ityx

(7.48)

On the other hand, if C( v) < x so that consumer satiation does not occur

then it follows from Expression 7.38 that

type
is to

Le, at

The

14) is

~=r-x( 1- (7.49)
x

K~)

This is the logistic equation with intrinsic growth rate

r~(V)=p ( l-~

Av
(7.50)

and environmental carrying capacity

( v a
) -A-

K~(v)= ~-K l-a

'oint:

L will

~dby

icitly

(7.51)

Since it is assumed that 8 > J1, it follows from Expressions 7.41 and 7.51

thatK~(v) > C(v).Further,ifwe define

con-

Irces,

'sub-

~,the

c)I/J),

~O.

ssion

8a

A

~

A

and v. = (7.52)"miD

(note that Vs > VmiD since 8> .u) it also follows from Equations 7.50 and 7.51

that K=( v) and r = are positive if and only if v > v miD while C( v) is positive if

and only if v > vs. Thus, if vmin < v S Vs the population is governed purely

by the logistic process modelled by Equation 7.49. If, however, v > vs' then

very low initial population levels will increase exponentially at the rate r s
to Xs = C(v) (see Equation 7.47), and then continue to grow logistically to

asymptotically approach K=. Further, for v > vs' it follows from Equation

7.52 that 1/8> aI {31 v which, after comparing Equations 7.48 and 7.49 , implies

that r s < r =. This inequality may seem paradoxical until one realizes that r = is

not the actual intrinsic per capita growth of the population, but the intrinsic

growth rate that would have occurred if individuals had not become satiated.
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For v > v $, however, individuals do become satiated at low population den-

sities so that the actual intrinsic growth rate is truncated to r < r .$ =
For the case r = 1 and O ~ a < 1 it follows from Expression 7.46 that

~='iX( 1-
x

(7.53) 0 = dEP

where d
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rate is 2
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For
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and 7.5~
f3o = 1, (

setting I
the logi~
level h (

we expl

investm

explore
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where, after some substitutions involving ExpressioI;ts 7.48 and 7.50, the

intrinsic growth rate of the population is

(7.54)

and its carrying capacity is

13ov
Kt (v)=K-(v)-6("i:a) (7.55)

dx
(-=rl ~

dt

de =0'21

It now follows from the positivity of the resource level v and the para-

meters p, ,u, and 8, and from the constraint 0 ~ a < 1, that r s < r = and Kl < K=.

These relationships are a direct consequence of the inefficiencies expressed

by the inequalities shown in Equations 7.36 and 7.37 that arise when popula-

tions exploit resources that are spatially heterogeneous. In these situations

some consumers become satiated when local resource densities are rela-

tively high, while other consumers are resource limited when local resource

densities are relatively low, even though the density experienced by the

average consumer is sufficient for satiation.

Finally, we note from Expressions 7.50,7.51,7.54 and 7.55 that r s and Kl
are zero for the same set of values of a,{3l' 8"uand v, and are in fact related to

each other by the expression
dt

'i (v)= X(v)Kl (V) (7 "1'\\

where

r1(v;e)==
x( v) = f!!!!l::!!l

{3ov
(7.57)

It follo'

solutio[is positive provided a *

x=K,<v rTrade-off between search efficiency and maximum extraction rate

In populations that experience relatively low resource levels v, one might

expect selection to favour individuals that are relatively efficient at extract-

ing resources, that is individuals that have a relatively high value of !31 in

Expression 7.42. On the other hand, in populations that experience rela-

tively high resource levels v, one might expect selection to favour individuals

If this e

7.59 we

-h (
--

'1 (V;£) l
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en- that have relatively large maximum rates of extraction O in Expression 7.42.

This problem can be formally studied by considering a trade-offbetween the

values of /31 and O through an 'investment' parameter £. In particular, if we

define

53) 0 = deP and [31 = l/E

the

54)

where d and p are positive constants, then by varying e between O and 00 we
have the following trade-off between the two extremes of e = 0 and e ~ 00:
when e = 0 consumption is infinitely efficient but the maximal consumption

rate is zero, while when e ~ 00 satiation never occurs but consumption is

completely inefficient.

For pu~oses of illustration, we present the results obtained for the

logistic model Equation 7.53 with the parameters in Expressions 7.54
and 7.55 ( also see Expressions 7.50 and 7.51 ) taking on the values p = d = p =
fJo = 1, a =0.5, and .u = 0.2 (note that we can always rescale time so that

setting p = 1 does not sacrifice generality). We also subtract the term hx from

the logistic equation to allow us to explore the effects of harvesting at effort

level h on the evolution of the population parameters in question. Further,

we explicitly identify r 1 and Kl as functions of the resource level v and the

investment or evolutionary strategy parameter e, because we want to

explore how the level of v affects the ESS value I::* .In this case the system

shown in Equation 7.14, which describes the evolution of the parameter e,

has the specific form

,55)

lra-

K~.

;sed

ula-

lons

ela-

Irce

the

~~

iKl

dto (7.59)

=O"zl'

K;<;;;;;) ) "J; + ~ -a;: )
ll-dt

.56)
where, for the parameters in question, we have

(7.60)
e 1 ) ( SV e V )~-se and K1(v;e)= 2-4-"2£

'.57)

It follows from the first expression in Equation 7.59 that the equilibrium
solution (i,t.) satisfies the equation (see also Table 7.1)

x=K (v.E) rl(v;E)-h

I'

rl (V;E)
(7.61)

light
ract-

~1 in

rela-
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If this expression is now substituted in the second expression in Equations
7.59 we obtain the second equilibrium condition

(7.62)-=0
-h ar (r1(v;E)-h) aK--;;- -+ ~-;;:-- -

r1 (V;£) a£ Kt (V;£) a£

~d =rl(V;e)X ( l- (X. )) -hX
t Kl v,e

"de " x, dr '1 (v;e)x dK
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Table 7.1 ESS values £* = E

obtained from an analysis of

the trade-off between search

efficiency f31(£) and maximum

extraction rate .5(£).

depen(

paraml

decrea:

lowing

betwee

Resource level v E Consumer equilibrium

0.1

1

5.5

10

100

5.5 + 4.5sin t

0.45

1.41

3.32

4.46

7.85

2.42

0.26

1.79

12.1

22.8

242

3.2-1S.1t
a(E)=1

t Oscillates between these two values.
where,

Ago

1, and J

7.63 th,

Equilil:
(i.e. h =

sented

Because in the case considered here, X(v) in Equation 7.56 (cf. Expression
7.57) is independent of e so that dr/dz = x( v )dk/de and Equation 7.62 reduces
to the condition dr/de = 0 for all h. It follows from the second expression in
Equation 7.60 that i' = ~2v. An invasion analysis (cf. Equation 7.7) can be
used to verify that the equilibrium values i'( v) resist invasion from mutants
with values of e ~ i'. These values are listed in Table 7.1 and have been
verified using an invasion analysis ( cf. Equation 7.7) to be ESS solutions (i.e.
i' = i').

Since the equilibrium i' is independent of h, harvesting has no selective
effect in this case. The density v of the underlying resources, however,
do influence the value of i'. As one would expect, low values of v result in
relatively low values of i' which, from Expressions 7.58, favour search
efficie~cy f31(e) over the maximal intake rate <)(e). As v increases, so <)(e)
gains at the expense of f31(e). If the resource input is variable, then when the
variability is symmetrical ( e.g. sinusoidal) the low levels are more critical
than the high levels in determining i'. This is seen in Table 7.1 for the sinu-
soidal input v(t) oscillating between v = 1 and v = 10. In this case i' is below
the level corresponding to the average v = 5.5 (compare i' = 2.42 vs i' = 3.32
in Table 7.1).

1
A-
e= 2cv

The val

( cf. Eql

be the <

f3iand

1l1us, n

resporu
at the (

other h

the effe

resourc

Unl

the val

this cas

to e aru

taking
numen

so that

for the

Trade-ofJ between resources density and resources-per-capita
extraction rates

Individuals in a population can reduce the effects of shading or resource

competition due to local depletion of resources by increasing their mobility
or, in the case of plants, growing towards more favourable locations. In many

cases, improved access may come at the expense of extraction efficiency
itself. For example, sessile organisms may invest in support structures at

the expense of resource extraction structures ( e.g. plants investing in stems

at the expense of leaves), while mobile organisms may invest in faster or

more efficient locomotion at the expense of, for example, a larger or

more efficient digestive system. In this case the trade-off is through the
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dependence of the value of the parameters a and {31' say, on the investment

parameter e. Since a(e)E [0,1] and {31(e)?:O, and the value of aCe) should

decrease from 1 to O as the value of {31 ( e) increases without bound, the fol-

lowing expressions are useful for evaluating the evolutionary trade-off
between a(e) and {31 (e).

a(e)=~ and A(e)=ce
(7.63)

1

where c is a positive scaling parameter.

Again, for purposes of illustration, consider the special case p = 0 = /31 =
1, and J1 = 0.2. In this case, it follows from Equations 7.50,7.51,7.54,7.55 and

7.63 that~sslon
:1uces
on in
In be
Itants
been
s (i.e.

4
'1 (v;E)=5-

1
~-~SvcE(l+E) and K1(v;E)=

(7.64)

Eq~ilibrium Equations 7.61 and 7.62 still apply. In the absence of harvesting
(i.e. h = 0), Equation 7.62 implies that aK/ae = O For the special case repre-

sented by Equation 7.64, this latter condition implies that

:ctive

'ever,
ult in

~arch
, <5(£)

n the

"itical

sinu-

'elow
= 3.32

(7,65)

A 1
e=-

2cv

The values obtained from this expression were used in an invasion analysis
( cf. Equation 7.7) to verify that they are indeed ESS values. This appears to
be the case. Substituting Expression 7.65 in Expressions 7.63, the ESS values
/3! and at now regarded as functions of v are:

2cv

a*(v)=~

and /31*(V)=
(7.66)

1
2v

mrce

bility

Thus, not surprisingly, if resource levels v decrease then populations will

respond by ~ndividua1s evolving to be more efficient at extracting resources
at the expense of adaptations for reducing the effects of shading. On the

other hand, if resource levels increase then individuals will evolve to reduce
the effects of resource shading at the expense of being efficient extractors of

resources.

Unlike the previous case, harvesting now does have an effect on
the values of P;. The equilibrium values (i,P;) can now be generated for

this case by substituting Expressions 7.64 and their derivatives with respect

to E and in Equations 7.61 and 7.62 and then solving for i and P;. Instead of

taking this approach, however, we generated the values directly through

numerical solution of Equation 1.59 over a sufficiently long time period
so that equilibrium was attained to within six significant figures. The results

for the special case c = 0.1 and v = 10 are given in Table 7.2 and have been
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Table 7.2 ESSvaluesE*=Eof

the investment parameter and

corresponding values for the

resource extraction parameters

a* and {3'{ (see Expressions

7.63) for the case c = 0.1 and

v= 10.
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vital fuJ

flow is
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Furthe:

three dl

1 An
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!(.u) = (

compli,

2 Ac

Harvest level h E* x* a*
/3r

°

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.75

0.78

0.79

~0.8

0.5

0.571

0.667

0.8

1

1.33

2

4

8

20

40

-+00

80

65.6

52.5

40.6

30

20.6

12.5

5.63

2.66

1.03

0.51

-+0

0.667

0.636

0.6

0.556

0.5

0.429

0.333

0.2

0.111

0.048

0.024

--to

0.05

0.057

0.067

0.08

0.1

0.133

0.2

0.4

0.8

2

4

-t~

w.=l1.I
X.

,

3 AtJ

realisti

1984' C,
NO1

verified using an invasion analysis ( cf. Equation7 .7) to be ESS solutions (i.e.
e* = £).

Harvesting appears to have a dramatic effect on the population. Since

harvesting reduces population levels, it improves the resource-per-capita
ratio. Thus, harvesting has the effect of shifting the balance of the trade-off

from adaptations to reduce the effect of shading to adaptations to improve

the efficiency of individuals extracting of the resource itself. The switch can

be quite dramatic, as seen in Table 7.2, with the parameter a declining from a
value-of a* = 2/3 at h = ° to a* = ° at h = 0.8. Beyond h = 0.8, positive popula-

tion levels are no longer sustainable, and the population will crash despite

any evolutionary adaptations in the parameters a and {31.
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Storage in food webs

The hyperbolic growth function given by Expression 7.45 does not take into

account the fact, as previously mentioned, that populations can exist for

some time without having to extract any external resources, because they are

able to draw upon internal resources stored in the form of carbohydrates,

oils, and fats. As described in Getz & Owen-Smith (1998), the basic trophic

Equations 7.30 can be augmented to include a storage component for each

population. In this section, I provide an outline of this a:pproach.
Let us assume that the ith population in a food-web is partitioned into

'active' biomass at density xi and 'stored' biomass at density Yi. Let I/>ei repre-

sent the per unit Xi rate at which resources extracted are from the environ-

ment (i.e.l/>ei = I/>i in Equation 7.30) and let I/>si represent the per unit xi rate at

which biomass flows from the storage to active tissue component. For sim-

plicity, we assume that the flow rate I/>si of biomass into and out of storage can
be partitioned into a recipient-controlled (i.e. the flow is proportional to the
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amount of active biomass) 'buffering flow' tf>si that helps individuals maintain
vital functions when resources are scarce and into a donor controlled (i.e. the
flow is proportional to the amount of storage biomass) 'translocation flow'
tf>wi that shunts storage to active tissue at some appropriate time of the year
( e.g. the first flush of growth of perennial plants after the dormant season).
Further, we assume that these two flows are controlled by the following
three devices.
1 A maintenance metabolism device 'Ui that is compared with the intake tf>ei
in the case of Equation 7.45 the parameter is the device and it satisfies
f(,u) = 0, although for the case f(tf» = (Cgtf> -Cm ~ c/tf» the situation is more

complicated andf(,u) ~ 0.
2 A capacity parameter lCj' that is compared with the storage ratio

w.=~I
x

I
(7.67)
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3 A translocation flow device Ti' that corresponds to a certain time or, more

realistically, phenological time ( determined using degree-days; see Podolsky
1984; Gutierrez 1996) during the season.

Note, under these assumptions, the total rate of flow from storage is

4>si = 4>ei + W i4>wi (7.68)

For simplicity, I will drop the subscript i and consider a single population,

represented by active biomass density x and storage biomass density y,
exploiting a constant underlying resource v that is itself not subject to

exploitation by any other population ( a more general treatment can be
found in Getz & Owen-Smith in press). Based on the assumptions discussed

above, we expect the growth rate of active biomass tissue to depend not only

on the extraction of external resources but also on the flow of resources from

storage; that is, we can still apply Equation 7.44 provided we interpret 4> to be
4> = 1t"4>e + 4>s' where 1t"is the proportion of resources extracted from the envi-

ronment that are allocated to the growth of active tissue and 1 -7ris the pro-

portion allocated to storage tissue. In general, since it is inefficient to

unnecessarily shunt resources through storage ( external resources must be
converted to storage and then reconverted to active tissue ), we should
expect that 4>s = O when 1t"< 1. This case should arise when the external

resource extraction rate 4>e > J.l, so that external resource flow more than

covers basal metabolic needs. Conversely when 4>e < J.l, we should expect
4>s > 0 so that basal metabolic needs can be met. Also we should expect flow

into storage to slow down as the density of storage y approaches its storage

capacity ICX. Further, for some reason y(t) > ICX(t) (either active tissue is

selectively removed by some predator, or x(t) drops faster than y(t) when
external resources crash), then we should expect biomass to flow out of

storage even though 4>e > J.l at that point t in time.
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Under these assumptions, the net flow in and out of storage is

(1 -1t") cll/>e -I/>s' where Cl < 1 allows us to account for the fact that shunting

resources through storage is less than 100% efficient. Further, since some

storage tissue will be lost due to natural mortality, we need to account for this

in any equation that is used to model the temporal dynamics of storage. In

particular, it can be shown that the particular form given by Equation 7.45

for the growth function !(I/» in Equation 7.44 embodies the notion of a

natural mortality rate that is proportional to III/> (Getz & Owen-Smith in

press); or, more generally, is given by (c2/I/»C3 where c2 > 0 and, in the simplest
case, c3 = 1. If we assume some heterogeneity in the ratio OJ of storage to

active biomass and we assume that animals with a higher ratio are likely to

die at a lower rate than those with a lower ratio then this can be accounted
for by setting C3 = OJ/1(Getz & Owen-Smith in press).

From the above discussion, it follows that with the addition of a storage

biomass component, Equation 7.44 describing the biomass dynamics of an

isolated population extends to

(7.69)
.';1(

~

The allocation function 1rand the buffering and translocation flow rate func-

tions l{>e and l{>w respectively can be expressed in a number of different ways

and still be compatible with the assumptions made above. A particular set of

expressions has been derived by Getz and Owen-Smith (1998), while a

general theory for deriving such expressions from mechanistic principles has

been proposed (Michalski & Getz unpublished manuscript). I will not

pursue these details here, other than to remark that the existence of a

storage component is critical to promoting the persistence of populations in

highly variable resource environments. Further, depending on the degree of

variability, we can expect allocation and flow rates to evolve to levels that

optimize a population 's ability to store resources while still remaining as

competitive as possible (Getz & Owen-Smith in press).

Conclusion

Over the past 10 years, the mathematical tools presented in this chapter

have been used increasingly to investigate questions in theoretical evolu-

tionary ecology. I have focused primarily on my own work in this area,
carried out principally in collaboration with Kaitala and Schoombie (Getz
& Kaitala 1989; Kaitala et al. 1989; Getz 1993; Getz & Kaitala 1993; Kaitala

& Getz 1995; Getz 1996; Kaitala et al. 1997; Schoombie & Getz 1998),

~=xcl(l-1t")t/Je -Xt/Js -Y(~e +~
dt
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although I have provided references to some others who have used the

same mathematical tools to study a variety of problems, including the

evolution of traits in consumer-resource systems ( e.g. Abrams 1992; Brown
& Vincent 1992; Matsuda & Abrams 1994; Rand et al. 1994) and in simple

populations that have applications to fisheries management ( e.g. Gatto

1993). The material I have presented illustrates the potential that these

methods have to provide insights into the structure of population

assemblages and food webs that self -organize under the forces of natural

selection.
For populations most appropriately modelled by discrete-time equa-

tions, significant insights have been obtained into the nature of the density-

dependent response of populations as a function of the magnitude of their

growth rates (Getz 1996; Schoombie & Getz 1998). The methods have also

provided insights into the impacts of harvesting on populations in the

context of both lumped and age-structured systems, as well as insights into

the evolution of immunity in populations susceptible to exploitation by

macroparasites (Kaitala et al. 1997). Finally, Brown & Vincent (1992) have

used discrete-time models in an evolutionary ecology context to study ques-

tions regarding the assembly of predator-prey communities when both con-

sumptive and competitive processes are considered. They found that

although predators may ultimately disappear from communities, they can

playa critical role in promoting the evolution of diversity that is maintained

once the predators disappear (Brown and Vincent refer to this phenomenon

as the 'ghost of predation past').
The application of continuous-time models, such as Equation 7.30, to

the evolution of consumer-resource systems has received less attention than

the application of discrete-time models (but see Abrams 1992; Getz 1993;

Matsuda & Abrams 1994) although Vincent and colleagues have made

extensive use of Lotka-Volterra continuous-time models to study the

coevolution of competing populations (for a tutorial style review see

Vincent et al. 1996). In this chapter, I have confined the discussion to con-

sumers growing on a constant or time-varying resource input, rather than

a full two-species trophic interaction. The ecological dynamics of trophic

stacks have been discussed elsewhere (Getz 1991,1993,1994), but the evolu-

tionary dynamics of such stacks has yet to be thoroughly investigated. Future

investigation of questions such as how the traits of individuals may evolve

in populations purely as a function of the position of those populations

in a trophic stack should provide us with significant insight into fundamental
differences between the evolutionary dynamics of plants, herbivores, and

carnivores.
In essence, consumer-resource interactions are the primary ingredient of

all ecological food webs, with resource extraction and consumption rates

modified by competitive and mutualistic interactions. The ecological aspects
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of these kinds of interactions have been studied in great detail, including
some analysis based on Equations 7.30 (Getz 1991,1993,1994). The evolu~

tionary aspects, however, remain relatively unexplored (but see Brown &
Vincent 1992). Future evolutionary investigations of more complex trophic
interactions than those considered here, based on the methods and models
presented, should yield substantial rewards, including a better understand-
ing of how food webs self -assemble on evolutionary time scales and how the
structure and connectness of food webs is influenced by the richness and
variability of their nutrient and energy inputs.

Finally, the role of storage in food webs has received little attention
in ecological and especially evolutionary settings. An application of the
methods outlined in this chapter to food web models that include storage

components remains one of the most exciting areas for future research into
the dynamics of evolving ecological systems.
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